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Mathematics and the development 


of good citizens 


CATHERINE MEEHAN, Port Huron High School, Port Huron, Michigan, 
calls our attention to the fact that “we are not making 

the public conscious of the by-products of our subject” and 

that “we must eradicate .. . the idea that mathematics ts 

just a disciplinary subject with emphasis 

on the unpleasant meaning of discipline.” 


ON PAGE 23 of the Rotarian for August, 
1953, there is an article, “Bold New Pro- 
gram in Our Schools,” describing a scheme 
for fostering good citizenship among young 
Americans. It is so newsworthy that 
Reader's Digest used it in its August, 1953, 
issue. Those who have found the time to 
read the article know that it claims “to 
teach youngsters to become active, in- 
formed, alert citizens in the same way they 
are taught to be good chemists— by labo- 
ratory practice.”’ Again, the social studies 
group has succeeded in making the public 
conscious of its efforts to teach citizen- 
ship! 

So often these very ambitious activities 
take time and energy from the student to 
the detriment of his work in other classes. 
Then we mathematics, science, English, 
and language teachers grumble among 
ourselves. But do we ever search our own 
work to see what we do to teach citizen- 
ship? No. We are overawed by all of the 
very learned articles which declare there is 
little or no transfer of training from mathe- 
matics to other unrelated fields or to life 
situations. Yet we meet local employers, 
day after day, who beg us to teach atti- 


1A paper delivered at the summer conference of 
the National Council of Teachers of Mathematics held 
at Western Michigan College of Education, Kalama- 
zoo, Michigan. 


tudes, good old-fashioned attitudes. If this 
could be done by means of another course, 
someone would have tried it before now. It 
used to be done in the regular classroom. 
It is still being done in mathematics 
classes led by alert, enthusiastic, well-pre- 
pared teachers—but—these men are not 
aware of it. 

Let us spend the time we have today 
looking at our efforts in the field of citizen- 
ship. We realize that we don’t do it the 
way the “Bold New Program” suggests. 
How do we do it? 

I think the answer is, that we place our 
efforts on building the character of the fu- 
ture citizen. I believe that we give our 
attention to developing the individual as a 
person who will be able to really live- 
happily, suecessfully, and peacefully in our 
democratic society- and who will know 
and will fight fiercely when his standards 
are imperiled. We help him to develop 
these standards and to know why they are 
good. 

What are some of these standards? 

1. Accuracy— By this standard we hope 
to develop attitudes of promptness, pre- 
cision, honesty, ete. 

When Sammy, in the early grades, is 
given this problem, ‘‘There were five birds 
on a branch of a tree; two flew away; how 
many are still on the branch?” his answer 
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must be “three” and only “three.”’ “Two” 
is not acceptable on the theory that if there 
are three left there are certainly two! 
What kind of a city treasurer or a club 
treasurer or a banker would Sammy make 
if we took “two” for his answer? Equivoea- 
tion is not honest and we just won't have 
it. 

We have more difficulty when it comes 
to copying work prepared outside of the 
¢lassroom. But here we are making prog- 
ress in the secondary schools by using the 
following method. New work is explained 
and practiced in the class period, the as- 
signment being to work as many of a cer- 
tain set of problems as the student thinks 
necessary. These are not to be handed in. 
A ten-minute quiz is done in the room, 
very carefully checked, and returned to the 
student. He gets his grade for the day on 
this quiz which is taken directly from the 
assigned work. There is nothing to copy! 
The good student does not have to do 
twenty problems, since he is prepared by 
practicing on two or three beyond the class 
practice. 

When we do ask for outside preparation, 
we refuse to accept it at face value if it is 
turned in late. Sammy’s dad understands 
this because he must be at work on time, 
must turn out his work on schedule, and 
must not fill the waste bin with inaccurate 
pieces. His pay depends on these things. In 
community service, the boy who would 
like to serve on the fire department must 
be prompt. The citizen who wishes to 
avoid a penalty on his unpaid taxes must 
see that they are paid on time. The person 
who cares about saving money will pay 
his utility bills on time to get the discount. 

2. Neatness This includes cleanliness 
and order. 

Some of the things Mother has been 
telling Sammy are also necessary in mathe- 
matics class if he expects to be accurate. 
He must be neat in making his figures, or 
his teacher and even he himself may mis- 
take a seven for a four and thus his prob- 
lem would be wrong. He must avoid 
erasures and keep his paper clean for the 


same reason. He cannot use an old pencil 
stub, an odd scrap of paper, or a make- 
shift in place of his lost compass and pro- 
tractor and expect anything but trouble. 
Care of his tools and respect for his prop- 
erty and that of others becomes a “must” 
for Sammy. He will be a much better 
worker for business, industry, community, 
or home when he has learned these stand- 
ards. 

In long division, Sammy must perform 
several fundamental operations—but- 
they must be done in a special order so 
that the result is correct. In geometry, his 
thinking must be orderly so that his proof 
will be logical. In algebra, a disorderly ar- 
rangement of a problem may ruin the 
whole result. The teachers in all of these 
classes are on the watch for disorder and 
signs of such thinking. Imagine a railway 
system, an airline, a farm, or a traffic de- 
partment in a community being run with- 
out order! 

3. Ability to make wise dectsions— 
Attitudes or standards involved here are 
‘arefulness, patience, tolerance, broad- 
mindness, ete. 

Sammy has been taught how to make de- 
cisions from the moment he started to deal 
with mathematics. Words like ‘more,’ 
“less,” “greater,” “same,”’ ete. began to 
be useful. If, when given the problem, 
“Mother gives you a nickel to take to 
the store to get a ‘jawbreaker’ which 
costs one cent; how much money should 
you get from the storekeeper?” Sammy 
thoughtlessly answers ‘six cents,” he is 
taken through a little routine which makes 
him sure that he would get less money 
back, so he would “take away.”’ Then 
when it is his turn to play storekeeper he 
learns how to make change, starting with 
the purchase and ending with the amount 
of money tendered in payment, really a 
checking process. He is faced with the con- 
stant need to make a choice—so, he must 
think. Guessing gets him nowhere-—-he 
must know why. 

In general mathematics he will meet 
situations like this: Sammy’s father is 
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going to install a new furnace. Which is 
the best buy—coal, oil, or gas? He finds 
that the real item is fuel, not the cost of the 
furnace. He learns about heat units 
(B.T.U.) and that coal is sold by the ton, 
oil by the gallon, and gas by the cubic 
foot. He learns that each type of fuel has a 
certain number of useful B.T.U., the rest 
being lost in combustion. He gets all of it 
down to the cost per million useful B.T.U. 
By comparison, he reaches a sound con- 
clusion. He realizes that snap decisions and 
heresay are not reliable. 

Another time his problem may concern 
investment of money. He learns how to 
collect data on a company—its earnings, 
sales, ete.—and how to compile and inter- 
pret these statistics. He will probably have 
a wife before he gets around to using this 
information for himself and if she too has 
had the course, how much fun they can 
have planning their investments! 

Collecting data, evaluating them, and 
then deciding is excellent procedure in 
private life. It is also good preparation for 
voting intelligently and for being the pur- 
chasing agent of a business, a home, or a 
community. It is useful to those engaged 
in labor relations and in diplomatic prob- 
lems. Mathematics teachers emphasize 
these attitudes every day, every year, to 
each student who is in their care. Perhaps, 
we are just taken for granted. 

4. Respect for law—This implies knowl- 
edge of the law and why it is good, willing- 
ness to abide by it, and fairness in its use. 

Sammy has been in contact with law of 
one kind or another since birth. Some of 
the regulations made by his mother and 
dad were tried out with varying results. 
But when he adds two marbles to three 
marbles he must always get five marbles, 
or he breaks a law. If he makes himself a 
wing cape and tries to be Superman from 
the garage top, he breaks a law that he 
does not know—but he hurts himself any- 
way. He keeps on learning these laws in 
mathematics classes. He understands their 
good common sense, and he knows they 
cannot be bent. When he adds a pair of 


equals to another pair of equals he always 
gets a third pair of equals. Or, to quote 
Bishop Fulton J. Sheen, ‘‘He is free to 
draw a triangle only on condition that he 
subject himself to its intrinsic law and 
draw it with three sides and not with 
thirty, in a fit of false broadmindedness.’”* 

In the community, Sammy is free to 
drive an automobile just as long as he sub- 
jects himself to the traffic laws, for ex- 
ample, when he stops—not just slows 
down—at a sign reading “STOP.” In the 
same way that Sammy objects to a class- 
mate drawing a four-sided figure and 
‘alling it a triangle, so the citizens object 
to Sammy creeping through a stop street 
instead of stopping. He becomes aware of 
fairness in the law and in its use. 

5 Co-operation and leadership—Atti- 
tudes of tolerance, alertness, and fairness 
are involved here. 

When Sammy studies topies like “In- 
surance” or ‘Taxes,” he learns about co- 
operative devices for obtaining more 
values for his money in the form of 
security or public services and gains an 
appreciation of his part in such affairs. At 
the time that the class sets up a small in- 
surance company, undertaking to insure 
the members against loss of mathematics 
books, Sammy and his fellow students 
learn that the premium to be paid must 
vary with the condition of the book in 
order that the losses may be compensated 
for in the same manner; that a student 
who loses too many books is not a good 
risk, so the company must either raise its 
premium or refuse its protection; that on 
the character of the company officers— 
their honesty and integrity—depends the 
success of the company. 

His dad already knows this. He has to 
pay a higher premium for the accident in- 
surance on his car because so many of the 
claims were on cars driven by people in 
Sammy’s age group that the companies 
raised the rate on cars driven by people 
under twenty-five years of age. 


2? Bishop Fulton J. Sheen, Liberty, Equality and 
Fraternity (New York: The Macmillan Co., 1938), p. 9. 
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Repeated offenses against the law result 
in loss of rights, whether it is a driver’s 
license that is revoked or a refusal to issue 
an insurance policy. 

The same kind of integrity and honesty 
that the officers of the school company 
show are essential in the officers of the 
community such as mayor, treasurer, and 
manager. The students who dealt with 
Sammy when he acted for the class com- 
pany looked upon him as that business and 
everything they expected from it. In the 
same way, if Sammy ever becomes mayor, 
the citizens whom he serves will look upon 
him as the essence of the city government. 

6. Self-reliance and self-discipline— 
Standards of dependability and _ self-con- 
trol are stressed. 

These standards are quite adult. As 
Ralph Waldo Emerson stated it: “It is 
easy in the world to live after the world’s 
opinion; it is easy in solitude to live after 
our own; but the great man is he who in 
the midst of the crowd keeps with perfect 
sweetness the independence of solitude.’ 

So often a young married couple has big 
ideas like the rest of their crowd and buys 
a lot of furniture, a TV set, and maybe a 
car on time. They get into the same 
trouble that their elders experienced at the 
beginning of the great depression. All of 
this could have been avoided if this young 
pair had stayed in school long enough and 
taken a general mathematics course when 
they were there, preparing themselves to 
meet this situation. Then they would have 
known how to plan by a budget and what 
they could afford to buy. The budget 
would have provided for an estimate of 
each and every expense, an estimate of 
income, and the balancing of expenses 
with income by cutting expenses. The 
savings allowance in the budget would 
have made it possible to pay cash for some 
items of furniture, thus saving money for 
other items. The couple would have known 


3 Ralph Waldo Emerson, Representative Selections, 
with Introduction, Bibliography, and Notes by Fred- 
erick I. Carpenter (New York: American Book Com- 
pany, 1934), p. 94. 


the cost of buying on time and would have 
known how far they could go in safety! 
No unusual trouble— and a pair of happy, 
fairly successful citizens because they 
would have exercised self-discipline and 
been self-reliant! They would not be likely 
to get on the welfare roll, and since they 
are good at managing their own affairs, 
they should be more observant of the way 
civic affairs are handled and should be 
more alert citizens. 

7. Ability to express one’s ideas before a 
group—This implies confidence because of 
preparation and knowledge. 

This is one of the standards very neces- 
sary to leadership. We mathematics teach- 
ers make a specialty of this. Every day a 
number of the students in the class give 
demonstrations of problems. These are 
usually given on the board. The student 
goes to the board and explains to the class 
his solution for the problem. Some points 
he makes may be questioned by a member 
of the class, and the speaker may have to 
revamp his thinking rather quickly. He 
may also find that his preparation has been 
faulty. He will try to be better prepared 
the next time. This is particularly true in 
geometry where every step in the proof 
must be accompanied by a reason why the 
statement is true. 

Anyone in business, government, or a 
professional or social organization who has 
to present a budget to a commission or to 
a board of directors for approval could 
benefit from this training. The members 
of the commission or of the board of direc- 
tors could benefit from having been mem- 
bers of a class who questioned the demon- 
strator of a problem. These students 
should also be able to take their places on 
committees for community betterment. 
Executive officers of government and 
business, ministers, teachers, and house- 
wives who are successful club or civic 
workers are benefiting from such educa- 
tion. 

All of these standards appear as traits of 
character which we recognize in adult life 
as an “enviable reputation.”’ This is one of 
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the most useful attributes of a good Ameri- 
can citizen, 

8. Recognition of man’s limitations—- 
This standard is reverence for God; hu- 
miiity. 

Some of the Sammies begin to think 
they are pretty smart; they can figure out 
anything! Then is when we bring out a 
special drill in computational skills, espe- 
cially in high school. We present Sammy 
with the problem 8+}, then 8+1/12, 
then 8+ 1/124 ete., driving home the con- 
cept that, as the divisor approaches zero 
as its limit, the quotient approaches in- 
finity. 

During this so-called “dull” drill period, 
the finiteness of man is clearly shown in 
comparison to the infiniteness of God! 
Sammy realizes that, although science 
and mathematies are wonderful and that 
man knows a lot about them, he can never 
approach the all-over knowledge and wis- 
dom of God. A wonderful quiet is in the 
classroom when this thing we call “in- 
finity”’ is first discovered. A very thought- 


ful bunch of Sammies leaves the class- 
room. 

In conclusion, I would like to stress two 
points. 

1. What we are doing. 

We are teaching good citizenship. We 
must retain our high standards in our sub- 
ject exactly as we wish those standards of 
citizenship to be. We are encouraging ac- 
tive participation in many phases of 
citizenship when we encourage persistent 
progress through all the courses in mathe- 
matics. 

2. What we are not doing. 

We are not making the public conscious 
of the by-products of our subject. As one 
of our biggest jobs, we must eradicate 
from the minds of the public, our fellow- 
teachers, and our administrators the idea 
that mathematics is just a disciplinary 
subject with emphasis on the unpleasant 
meaning of discipline. 

Our greatest contribution to the future 
of the world lies in the simple words: In 
order, there is peace. 


“The objects of geometrical inquiry are so 
entirely abstracted from those pursuits which 
stir up and put in motion the unruly passions of 
the human heart, that mankind, without <iffi- 
culty, adopt not only the more simple theorems 
of the science, but even those abstruse paradoxes 
which, however they may appear susceptible of 
demonstration, are at variance with the natural 
conceptions which the mind, without the aid of 
philosophy, would be let to entertain upon the 
subject... . 

“Though it cannot be pretended that the 
principles of moral and_ political knowledge 


have, in general, the same degree of certainty 
with those of mathematics, yet they have much 
better claims in this respect than, to judge from 
the conduct of men in particular situation, we 
should be disposed to allow them. The obscurity 
is much oftener in the passions and prejudices of 
the reasoner than in subject. Men, upon too 
many occasions, do not give their own under- 
standings fair play; but, yielding to some unto- 
ward bias, they entangle themselves in words 
and confound themselves in subtleties.’’— 
Alexander Hamilton in The Federalist: Num- 
ber 31. 


University of Minnesota Summer School 


The University of Minnesota Summer School 
is offering an attractive course for mathematics 
teachers June 14 to July 16. A Laboratory 
Course for Mathematies Teachers (Ed. C.L. 192, 
3 quarter credits) will be concerned with the con- 
struction, use, and evaluation of materials of in- 
struction. The activities of the class will include 
excursions, field work, laboratory demonstra- 
tions, films, exhibits, and the construction of 
teaching devices. Materials of instruction such 
aus charts, units, models, slides, and recreations 
will be developed according to the interests of 


the class members. The instructor, Donovan 
Johnson, promises a course full of varied activi- 
ties that should interest every mathematics 
teacher. Here is your chance to work with other 
mathematics teachers two hours each day in pre- 
paring the materials you need to make your 
mathematics teaching more effective and more 
enjoyable, and at the same time get graduate 
credit. 

Write to Donovan A. Johnson, 330° Peik 
Hall, University of Minnesota, Minneapolis 14, 
for further information. 
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Euclidean constructions 


ROBERT C. YATES, United States Military Academy, West Point, 
New York, reminds the teacher of geometry that the true Euclidean 
“rules of the game” are not usually observed 

in the geometry classes of the twentieth century. 


IN THE spIRIT of the old-time revival and 
the spring tonic, I feel it periodically 
necessary to “reaffirm the faith” and re- 
fresh myself in the fundamental construc- 
tions of Euclidean plane geometry. It 
seems always such a satisfying experience 
that I wish to share it. My refreshment 
takes the following form. 

The geometry of Plato and Euclid is 
built upon assumptions regarding co- 
existence of elements. Chief among these 
are the ones of incidence: 

1. A straight line of indefinite length is 
determined by two points; 

2. A cirele is determined by two points, 
one of which is its center. Other assump- 
tions permit identification of a point upon 
a line, the point upon two lines, ete. 

Following the Euclidean tradition, I 
have found it helpful to imagine, con- 
struct, and use a “straightedge’’ whose 
copy will visualize the line and I have also 
invented the “compasses” to produce a 
physical circle. 

In accordance with these assumptions I 
may: 

I. establish a straight line only upon 
two points, 


II. draw a circle with given center only 


if also given a point through which 
it passes; 
and I may not: 
III. have measuring marks upon the 
straightedge, 
IV. rigidly attach two straightedges, 
parallel or not, 
*. carry lengths with the compasses 


(1.e., use the compasses as dividers), 

. have a circular dise with measuring 
marks upon its periphery (i.e., a 
protractor. An unmarked circular 
disc together with straightedge 
would be permissible but incon- 
venient), 

. attach a circular disc to a straight- 
edge, 
compound the compasses (i.e., use 
an instrument to draw concentric 
circles at the same time; use a 
linkage). 

With these privileges and restrictions in 
mind, I shall look closely now at some fun- 
damental and important constructions. 

1. Bisect the given angle 6. Figure 1. 

Select (identify) a point P on one side. 
Draw circle O(P)! meeting the other side 
in Q. Draw Q(P) and P(Q) which meet in 
X. Draw the bisector through Y. Modern 
methods violate V and VI. 


Figure 1 


! This notation is for the circle through P with cen- 
ter O. 


Euclidean constructions 231 


2. Erect the perpendicular to a line k at 
a point P. Figure 2. 

Select Q on k and draw P(Q) meeting k 
again in R. Then Q(R) and R(Q) meet in 
X, and PX is the desired perpendicular. 


X 


Figure 2 


3. Draw the parallel to a line k through a 
point P. Figure 3. 

Select a point Q on k. Draw P(Q). Draw 
Q(P) meeting k in S. Draw S(Q) meeting 
P(Q) in X which, with P, determines the 
parallel to k. I notice that only three cir- 
cles (all with the same radius) need be 
drawn to locate the final point XY. This is a 
measure of economy that I compare with 
modern textbook constructions. 


S 
? 


Figure 3 


1. Draw the circle with center C and 
radius AB (=r). Figure 4. 

Since the radius is not given in position 
I must establish a point P such that 
CP=AB=r. Thus draw C(A) and A(C) 
meeting in Q. Then CQ=AQ. Draw A(B) 
meeting AQ in R. Then AR=r. Let 


RQ=r. Draw Q(R) meeting CQ in P. 
Then and, since CQ=AQ=r-+za, 
then CP =r. The circle C(P) is the one de- 
sired. Modern methods violate V. 

I have achieved here a real advantage. 
In effect, I have won the privilege of in- 
corporating the dividers into the com- 
passes and can henceforth with clear con- 
science use the noncollapsible “modern” 
compasses. 


Figure 4 


I should clearly understand that a 
great many instruments currently in 
vogue in modern geometry courses are 
very sophisticated tools. The privilege of 
using a marked straightedge (a ruler) is 
simply and legitimately acquired through 
the compasses. The crime is that I use it 
with disregard of proprieties often with- 
out thinking. The straightedge with but 
two marks on it is capable of solving 
problems which may be represented by 
quartic equations whose coefficients are 
given lengths. For example, I may use it 
to trisect any angle AOB—a cubic prob- 
lem—as follows: Let the ruler have marks 
P, Q upon it distant 2a apart. Establish 
OC =a on OB and from C draw a parallel 
CX and a perpendicular CY to OA. Place 
the straightedge through O and move P 
on CY. When Q falls on CX the angle is 
trisected. For, let AOQ=@ and call M the 
mid-point of PQ=2a. Then 
(parallels and a transversal) and <MCQ 
since MC=MQ=a. Furthermore, 
SOMC=20 and, since OC=CM=a, 
MOC =20. QED. 
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Figure 5 


Now to disclose and face the facts in- 
volved in this trisection. First of all, I 
understand that Euclidean plane construc- 
tions are representable as nothing more 
than quadratics. Here, however, I notice 
the passage of Q. The straightedge is 
kept upon O, and P moved along CY. The 
path of Q is a Conchoid, a curve of fourth 
degree in rectangular coordinates. I have 
thus acquired in non-classical fashion the 


intersection of this curve and the line CX. 
(To move P and Q upon CY and CX and 
stop when the straightedge falls upon O is 
to exchange equivalent miseries. The seg- 
ment PQ is tangent to an Astroid, another 
curve of fourth degree.) 

The protractor has no place in our 
course in geometry. I find the angle one 
degree clearly marked on an expensive 
model in my possession. But not even the 
instrument company can construct one 
degree. As an instrument of practical 
measurement it has its use, to be sure, and 
ranks with the carpenter's square as a tool 
for the jobber. But in the hands of a stu- 
dent of that finest of arts called geometry, 
it serves only to contaminate and confuse. 

And now that the experiences of my re- 
vival are over I have a clearer picture of 
the nature of Euclidean constructions. Per- 
haps this clarity will be reflected by my 
students in their knowledge, understand- 
ing, and appreciation of the structure of 
their geometry. 


The editor’s mail 


1723 Harvard St., N.W. D.C. 
Nov. 27, 1953 


Henry Van Engen, Editor 
Tue Martruematics TEACHER 
1201 16th St., N.W. 
Washington 6, D.C. 


Dear Mr. Van Engen: 


I am not in the habit of writing “letters to 
the editor” but as a mathematics teacher trying 
to teach mathematics as mathematics and not as 
a series of tricks I feel that I must protest the in- 
clusion of the device for teaching the equation 
on pages 427-8 of the October issue in THe 
MartHematics TEACHER. 

It is a long, uphill fight to get the average 
pupil to understand that an equation is solved 
by means of certain arithmetic operations, addi- 
tion, subtraction, ete., which operations are ap- 
plied to both sides of an equation. They seem to 
prefer the magic of transposition in which a 
positive five appears on the other side of the 
equation as a negative five. Pupils who have 
learned this method (as most of them seem to) 
will solve an equation such as 52 =7 as z =2 and 
when questioned will tell you that they trans- 


posed the five, making it a minus five. Even 
when they correctly solve r+5=15, questioned 
as to method they will say “I moved the 5 to the 
other side making it a minus 5. This to my mind 
is not mathematics, whatever it is. 

My protest as to the inclusion of the article 
in question arises from the thought that most 
teachers will assume that an article or device 
given in THe Maruematics TeEacuER (without 
adverse criticism) is a good device and should be 
used where possible. ; 

Note the method of solving an equation as 
given in the article. I quote ‘‘to solve the equa- 
tion rotate the flap...” 

Once again I put in a plea for teaching 
mathematics as such and not as a series of tricks. 
If a device such as the one listed must be put in 
Tue Maruematics TEACHER, at least let us 
have with it editorial comment as to the value, 
or lack of value, of such a method. 

Very truly yours, 
(Signed) ANSELM FISHER 


Anselm Fisher 
Calvin Coolidge High School 
5 and Tuckerman St. N.W. 

Washington, D.C. 
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A X 


Reason and rule in arithmetic 


and algebra’ 


RALPH BEATLEY, Harvard University, Cambridge, Massachusetts, 
develops the thesis that there is reason for every rule 

in mathematics but the reasons are not all of the same kind. 

The author gives three kinds of reasons and concludes 

that we teach similar topics in arithmetic and algebra 


IN THE CORRIDOR leading to this place of 
meeting are several exhibits of recent 
texts in mathematics. The publisher’s ad- 
vertisement of one of these, an algebra, 
contains the following statement: 


“Emphasis throughout is placed on skill in 
computation and on methods of reasoning. Rules 
are given only after explanations and illustra- 
tions show reason for their use.”’ 


Probably every author and every pub- 
lisher of a modern book on arithmetic or 
algebra makes an equivalent assertion. In 
so doing author and publisher recognize 
the spirit of the times, that would make 
arithmetic and algebra more meaningful. 
All this I heartily approve. I believe also 
that in every case the author sincerely in- 
tends to adhere to this program; and 
after a fashion—-he does. But that qualify- 
ing phrase “after a fashion” indicates my 
awareness of the difficulties that beset 
every author and teacher who would sup- 
ply a reason for every rule. I wish to dwell 
at some length on these difficulties, be- 
‘cause I think that the movement to make 
arithmetic and algebra more meaningful 
will have greater chance of success if these 
difficulties are recognized from the begin- 
ning and are met as fairly as possible. 


1 Presented before the National Council of Teach- 
ers of Mathematics at Atlantic City, New Jersey, April 
11, 1953. 
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in ways that are logically dissimilar. 


In mathematics everything goes by rule; 
and every rule rests on reason. But the 
appropriate reasons are not all of the same 
kind. The kind of reason (I) that supports 
the primary, or fundamental, rules of 
arithmetic and algebra differs markedly 
from the kind of reason (C) that leads on 
from these fundamental rules to one sub- 
sequent rule after another, once our math- 
ematical journey is well started. Then 
there is a third kind of reason (S) that 
seems valid to the pupil, and therefore de- 
serves respect on psychological grounds, 
but is logically sound only in a limited 
region and is not valid if extended beyond 
that region. 

The first kind of reason I designate for 
convenience by the symbol “F,’’ where 
“F” stands for fundamental. This is the 
kind of reason that adults employ in sup- 
port of a rule that follows immediately 
from a fundamental postulate or defini- 
tion. Reasons of this type (F) will have 
little or no meaning for pupils in arith- 
metic; and it is questionable if many 
pupils in elementary algebra can appreci- 
ate them. This last point is one that I 
think deserves investigation. 

The second kind of reason I designate 
by the symbol “C,” for logical chain, the 
kind of reason that adults as well as chil- 
dren ordinarily associate with mathe- 
matics. All pupils in arithmetic think, 


naturally enough, that all reasoning in 
mathematics is of this second sort (C). 
Only with time will they become aware of 
the part played by undefined terms, de- 
fined terms, and postulates in the logical 
development of arithmetic and algebra, 
and appreciate the consequent need of rea- 
sons of type F. 

In those instances where adult profes- 
sional practice regularly employs reasons 
of type F, the pupil—following the custom 
of school texts—employs the third kind of 
reasoning mentioned above, which I desig- 
nate by “S’’ to stand for slippery. This is 
a type of reason that, broadly speaking, is 
defensible for the arithmetic of integers, 
but is not properly extensible to the arith- 
metic of rational numbers and of real 
numbers. 

The pupil regards this third kind of 
reason (S) as genuinely of type C, the only 
kind of reason that he knows. Actually the 
extensions that he would make from 
integers to rational numbers and to real 
numbers by these reasons of type S are, 
from an adult point of view, spurious. 
That does not mean that these reasons 
must be suppressed and supplanted. For 
what have we that we can put in their 
place? Certainly not reasons of type F, 
though from an adult point of view this 
would be the correct thing to do. 

This is a very awkward situation. It 
seems clear that if we persist in providing 
a reason for every rule, we must from time 
to time employ reasons of this slippery, or 

purious, type 8. Most pupils never learn 
that there is anything wrong with these 
reasons. Even those few pupils who even- 
tually learn to accept a postulational de- 
velopment of arithmetic and algebra 
rarely review in the light of this postula- 
tional training the details of the instruc- 
tion that they earlier received in their 
long, slow progress through arithmetic and 
algebra in elementary school and in junior 
high school. They accept the postulational 
development as correct, but how often do 
they use it as a check against their earlier 
training? 
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All this is but another way of saying that 
in teaching mathematics we are often 
forced by psychological considerations to 
be less than completely precise in our first 
development of a subject. The question 
then comes as to when we should inform 
the pupil that our first exposition was not 
entirely correct. Shall it be now, or years 
later? And when, if ever, shall we explain 
wherein our first presentation was in 
error? The question at issue will be clearer 
if we look more closely at arithmetic as we 
actually teach it, and at certain fundamen- 
tal topics in algebra. 

In elementary arithmetic we employ 
reasons of type C when we explain the 
tactic of “carrying” in addition, and of 
“borrowing” in subtraction, in each case 
by referring to the possibility of “re- 
grouping” numbers in our decimal system 
in accord with rules already established 
for writing numbers in that system. We 
use reasons of type C also when we explain 
why the partial products in the multipli- 
cation algorithm—that’s Arabie for rig- 
marole—are staggered progressively to the 
left; why in the algorithm for long division 
they are staggered to the right; and how 
in each operation the proper place for the 
decimal point can be determined. 

But what sort of reason shall we give for 
the statement “7+ is 21’; for the state- 
ment ‘‘(—3) X(—5) =15”; or for the usual 
practice with respect to the removal of 
parentheses in algebra? An adult who is 
familiar with one of the postulational de- 
velopments of arithmetic and algebra will 
see that these last questions take us back 
to the fundamental assumptions and defi- 
nitions which it is the business of postula- 
tional developments to record and to hold 
in storage for us. These fundamental as- 
sumptions and definitions are the “Bill of 
Rights” in the constitutions of our arith- 
metic and of our algebra. Rules that 
spring immediately from this “Bill of 
Rights” require reasons of type F. Our 
pupils, however, are properly ignorant of 
these things. 

Nevertheless, by referring to physical 


7 
‘ 


objects, or to semi-objective diagrams, 
these pupils—some of them—-say that ‘3 
goes 3 times into 1, and therefore goes 21 
times into 7.”’ By displaying 7X4 =28 in 
the form (12—5) X(7—3) =84—35—-36+? 
some of them think they can justify (+15) 
as the product of (—3) times (—5). And 
by similar maneuvers with respect to 
parentheses they show that the complete 
rule for multiplying signed numbers has to 
be as it is “or else you don’t get the right 
answer.”’ (Type 8). This is the pupils’ way 
of indicating their complete confidence in 
the reasonableness of the distributive law, 
a(b+e) =ab+ac, whether applied to un- 
signed integers or to any other numbers. 
They are not aware that their right to em- 
ploy this law or rule derives strictly from 
a fundamental assumption that is asserted 
in one of the leading articles of the lawful 
constitution of their arithmetic of 
their algebra, in the “Bill of Rights” as I 
have called it. 

We adults might question the pupils’ 
right to infer from their rules for operating 
with unsigned integers anything valid con- 
cerning operations with fractions or with 
signed numbers of whatever sort. At this 
stage we agree to have one kind of reason- 
ing permitted to pupils and another kind 
reserved for teachers. If we agree that we 
ought to protect pupils in arithmetic from 
the rigors of inquiring into the logical 
framework of arithmetic, what shall we 
say with regard to pupils in algebra? If our 
answer with regard to pupils in algebra is 
somewhat different, then with respect to 
what topic shall we make the first revela- 
tions concerning the logical strueture of 
algebra? And how shall we do this so that 
these pupils will still be around and inter- 
ested in case we would make a second or 
third revelation of a similar sort? 

Why do I raise these questions concern- 
ing the kinds of reasoning, S and C, that 
we properly expect of our pupils, and con- 
cerning the reasoning of another sort, F, 
with which their teachers must occasion- 
ally be occupied? I raise them because we 
are told that pupils learn better, and retain 


better what they learn, if they understand 
the reasons that underlie the various ope- 
rations and transformations that they are 
expected to perform. We are told further 
that, although techniques are important, 
and although we should at least inculcate 
techniques if we can do no more, still the 
cultural value that comes from appreci- 
ating the meaning of what we do, and of 
what we ask our pupils to do, is so great 
that we should certainly strive to inculcate 
meanings also. 

I have every sympathy with this pro- 
gram as stated in these general terms. I 
foresee, however, that conscientious teach- 
ers may well ask: “When we are told to 
teach for understanding and for meaning, 
what kinds of understandings ought we to 
teach? What kinds of reasons must pupils 
understand? What sorts of meaning do 
you mean?” 

These are perfectly proper questions, 
but difficult to answer. They are similar to 
corresponding questions concerning the 
degree of rigor that it is proper to employ 
in teaching analytic geometry and the 
calculus to freshmen and sophomores in 
college. In each case it is possible that in- 
tuitive acceptance of incomplete or other- 
wise erroneous explanations (8) may give 
meaning to the pupil’s work, while ex- 
planations that are complete and correct 
(F) will leave him utterly cold. If we offer 
him only the latter, which he cannot or 
will not accept, he has nothing to tie back 
to. If we offer acceptable but somewhat 
erroneous reasons (S), there is nothing to 
prevent our indicating now or later the 
unsatisfactory nature of these reasons; 
and nothing to prevent our replacing them 
later by more sophisticated explanations 
(F) when we think the pupil is ready to 
accept them. 

If the pupil does not accept them, he 
can continue to attach some meaning—of 
a sort that appeals to him—to what he is 
doing; moreover, he has at least heard 
that there is something about the explana- 
tions that he likes that other people come 
in time to reject. 
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A somewhat dogmatic reply to the ques- 
tions raised by the conscientious teachers 
might be: “Almost any kind of under- 
standing, almost any attempt to discover 
meaning, would be an improvemert over 
much of the instruction that is given to- 
day. In arithmetic and in algebra as ordi- 
narily taught there is too much reliance 
upon rule; too much reliance upon ‘you 
do this kind this way’; and too little 
appeal to reason as justification for rules 
and procedures. Let us reduce reliance 
upon rule. Let us build up the pupil’s self- 
reliance by encouraging him to resort more 
frequently to reason.” This hardly answers 
the teachers at all. It is a call to action 
without indicating at what points and in 
what direction one should act. 

A more charitable but equally naive 
answer might be: “As we proceed in any 
mathematical undertaking, the more we 
keep in mind the reason that supports 
each step that we take, the less likely we 
are to falter or to go astray. However, in 
routine processes there is an economy in 
employing rules, so that the mind is left 
free for fresher and more vigorous thinking 
when an unusual or entirely new situation 
arises.” 

Granting merit to each side of this con- 
tention, first favoring reason and then 
favoring rule, let us recognize that for most 
pupils the great occasion rarely occurs 
when they might apply the “fresh and 
vigorous think” for which they have been 
saving themselves by all their reliance 
upon rules. In that case their teachers 
might better help them to see in many a 
humdrum operation the great occasion for 
the fresh and vigorous think. From every 
such “think” the pupils can then win 
whatever contribution it can make to 
understanding or to meaning. Their teach- 
ers might also mention another aspect of 
this matter: “that there is an economy 
that can result from the use of reason in 
order to hold in mind a large body of logi- 
cally related ideas.”’ This reply is more 
soothing than the dogmatic pronounce- 
ment, but otherwise is no improvement 


over it, because this also is not specific. 

In particular, neither reply indicates 
those rules which are abbreviated sum- 
maries of the results of reasoning of the 
kind I hav> called type C; neither reply 
indicates those rules which are of a more 
fundamental sort that derive their support 
from reasons of type 8S or of type F. The 
kind of reason behind each rule varies 
from rule to rule. I think that this deserves 
consideration before we plunge into a pro- 
gram of “less rule and more reason.” 

If we are indeed to enter upon such a 
program, it would seem to be up to you 
and me to provide the specific details. We 
can begin by contemplating the impor- 
tant topies of arithmetic, one by one, and 
then the topics of algebra, noting in each 
case whether the ultimate meaning of the 
topic carries us so close to the fundamen- 
tal definitions and assumptions that it re- 
quires that kind of reasoning (F) that I 
have implied is reserved for teachers and 
is too difficult for the pupil to compre- 
hend. You can find lists of the undefined 
terms, the defined terms, and the assump- 
tions that underlie arithmetic and algebra 
in the publications of J. W. Young,? 
E. V. Huntington,’ Moses Richardson,‘ 
and E. R. Stabler.® 

These lists differ in details that are im- 
portant to their authors; but for the pur- 
pose that we have in mind the general 
tenor of each list is the same. Having 
noted these points of intimate connection 
between the several topics and the funda- 
mental definitions and assumptions, we 
can compare the official logical position 
(F) of each topic with the explanation (S) 
that is commonly given to pupils. Prob- 
ably we shall decide to keep on giving 
these easier alternative explanations of 

2 J. W. Young, Lectures on Fundamental Concepts 


of Algebra and Geometry (New York, The Macmillan 
Company, 1927). 

3E. V. Huntington, ‘“‘The Fundamental Proposi- 
tions of Algebra” in J. W. Young ed., Monographs on 
Topics of Modern Mathematics (New York, Long- 
mans, Green and Co., 1911), Chap. IV. 

4 Moses Richardson, Fundamentals of Mathematics 
(New York, The Macmillan Company, 1941). 

SE. R. Stabler, An Introduction to Mathematical 
Thought (Cambridge, Addison-Wesley, 1953). 
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type 8S. However, our own work as teachers 
will be more meaningful if, whenever we 
withhold something of the truth, we know 
just what it is that we withhold and why it 
is that we withhoid it. So for us, at any 
rate, It is good to know those instances 
where the S- or pupil-type of reason 
“wobbles,” and to know the nature of the 
F-type of reason that adults prefer instead. 

As a result of our contemplation of the 
fundamental topics of arithmetic we come 
up with something like this. Way back in 
the beginning people agreed as to how 
they would write numbers, and how they 
would add them. Everyone knows what 
addition is. The numbers, of course, were 
1, 2, 3, and so forth. And there was a spe- 
cial number, called zero, that you could 
add toa number and “it didn’t change the 
number.’ This number zero is very useful 
in writing larger numbers, but I haven't 
time to go into this in case you don’t 
know. You must remember 1+1=2, 
1+2=3, and many other addition combi- 
nations. And from addition you acquire in 
time certain other derived ideas called 
subtraction, multiplication, and division. 
The details of how these derived ideas are 
acquired would be somewhat as follows, if 
children in the primary grades were boss- 
ing the job. 

Subtracting 3 from 7 gives “what you 
add to 3 to get back 7.’ Multiplication 
means repeated addition. For example, 
3 times 5 is an abbreviation for 5+5+5; 
and 5 times 3 is an abbreviation for 
3+3+4+3+3+4+3. You get the same answer 
in both eases, “naturally.”’ Dividing 15 by 
5 gives “what you multiply 5 by to get 
15”; or it tells you “how many times you 
subtract 5 to reduce 15 to zero.”’ Thus, 
subtraction is defined in terms of addition; 
and division is repeated subtraction, just 
as multiplication is repeated addition. 
Everything goes back to addition, the pri- 
mary operation that “everyone just 
naturally falls into’”’ when numbers are 
around. This, in outline, is the story of 
1, 2, 3, - - -. These primary pupils can do 
this—and what they do is logically de- 
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fensible—because they are concerned only 
with integers. If shortly they change their 
minds about this latter point, we are ex- 
pected to be too well-mannered to raise 


embarrassing questions. 

These uninhibited pupils then introduce 
the fractions 3, }, 3, 4, 7, and a few.others, 
by processes that they think-—or are led to 
think—-are reasonable and reasoned. They 
devise an ingenious way of adding and 
subtracting these fractions that seems to 
involve only the addition and subtraction 
of integers. They multiply 7 X ? in a wholly 
obvious manner as repeated addition: 7 
times ? means ?+?+.--- to seven 
terms, of course. Multiplication is more 
restricted now than formerly, but no one 
seems to notice. No mention is made of 
the possibility of saying ‘‘? times 7 means 
7+7+ --- to ? terms.” There is no talk 
of abandoning the generalization aXb 
=bXa, a generalization that might have 
been worth noting when integers were 
being multiplied. 

We have already seen how these pupils 
regard the problem of dividing 7 by 4: } 
goes 3 times into 1, so it must go 21 times 
into 7. Dividing 7 by 3 obviously gives an 
answer half as big as you get: when you 
divide 7 by 4. It is handy to notice that 
dividing by 3 requires you to multiply by 
3 and divide by 2; that is, dividing by 7 
leads to multiplying by 3. The passage to 
the rule “invert and multiply” is natural 
and easy. A little practice with this rule 
makes perfect—-perfect confusion, at any 
rate, as to which fraction you invert. 
Really the pupil has no right to torture 
the four fundamental operations for inte- 
gers in this way in the hope of making 
them serve also for fractions. 

When the mensuration of the rectangle 
requires the calculation of the length of 
a diagonal, the pupil accepts the square 
root of 5 as snuggled in between two 
rational numbers though he has never 
heard the technical term “rational num- 
ber.”’ This serves him adequately for his 
calculation, just as it serves you and me 
also. The pupil is not bothered by the need 


4 


to add or to multiply two square roots. No 
one annoys him by asking him to explain 
the multiplication of 5 by V7 as re- 
peated addition. He lives a protected life. 
Will he continue to if his teacher becomes 
a “meaning” addict? Just when ought he 
to be jostled out of his security and begin 
to learn to live dangerously? 

Adults do all this differently. They 
think it desirable to state explicitly at the 
start that “they have some numbers,”’ 
without giving particular examples to 
show what their numbers look like. They 
state also that they “have a way of com- 
bining’” any two of these numbers by an 
“operation” that they call “addition.” 
They cannot describe this operation, but 
they say “it always works.” By this they 
mean that the result of adding any two 
numbers a and } is a number ‘(a+6)” 
that is among the numbers they say they 
“have.” They put the “a+b” in paren- 
theses to indicate that “a+b” represents a 
single number. Anybody who is interested 
in explaining about parentheses in algebra 
may wish to trace the lineage of paren- 
theses back to this Adam-and-Eve state- 
ment. 

These adults are exasperatingly vague 
about the nature of their precious num- 
bers a, b, ¢, «> + ; but whenever they are 
challenged as to whether they can add 
integers, or fractions, or irrationals, or 
signed numbers, they always bob up with 
a complacent response, “Oh yes, our num- 
bers a, are sufficiently catholic, 
and our fundamental assumption with re- 
spect to the addition of a, b, c,- +--+ is 
sufficiently elastic, to accommodate the 
addition of all the kinds of numbers you 
have just mentioned.”’ This catholicity of 
the numbers a, b, c¢, - - - is insured by as- 
sumptions that predicate the existence of 
the several sorts of numbers. 

Although these adults define rational 
numbers in terms of integers, and define 
irrationals in terms of rationals, they pre- 
fer not to relate the addition of rationals 
to the addition of integers, or the addition 
of irrationals to the addition of rationals. 
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Instead, they like to consider the different 
kinds of numbers as standing on an equal 
footing with respect to addition. 

Our remarks concerning the pupils’ idea 

_of multiplication as repeated addition indi- 
‘cate the impossibility of applying multi- 
plication, thus considered, to all sorts of 
numbers on an equal footing. The ‘‘times”’ 
idea is good only for integers. The adult 
point of view is to regard multiplication 
as a second undefined operation that is 
quite independent of addition. The fun- 
damental assumption with respect to the 
multiplication of a, b, c, +--+ is also suffi- 
ciently elastic to accommodate all kinds of 
numbers, just as in the case of addition. 

Adults have no need of subtraction or 
division, since they can get along happily 
by adding negatives and multiplying re- 
ciprocals. In order to accommodate their 
maneuvers to the habits of those persons 
who still like to employ subtraction and 
division, however, they admit these opera- 
tions and define them in terms of addition 
and multiplication respectively. 

By means of numerous definitions they 
establish the results of all desired opera- 
tions with all kinds of numbers; and they 
announce procedures with respect to pa- 
rentheses that are compatible with these. 
For them, arithmetic and algebra progress 
steadily; there is no going back to pick up 
loose ends; every eventuality has been an- 
ticipated and properly prepared for. Un- 
like the uncertain progress of the pupils’ 
arithmetic, the adults’ arithmetic is utterly 
precise. Some might also call it Cull. 

When we left the elementary pupils up 
above, we were wondering how their lives 
would be affected if their teachers should 
interpret “meaning” as implying the com- 
munication of some of the adult point of 
view with respect to the foundations of 
arithmetic and algebra. How far can we go 
in disclosing this kind of meaning to our 
pupils? My own answer would be, that we 
sometimes allow pupils to use a rule that 
has a good type-C reason back of it, pro- 
vided the pupil is able to produce the rea- 
son upon demand. Again, we sometimes 
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allow pupils to use a rule that is so close 
to the foundations of arithmetic and alge- 
bra that the reason back of it is of type S 
or F. In that case we must perform a deli- 
cate balancing act while we decide whether 
to rely on a type-S reason alone, or give a 
foretaste of type F. 

If we do indeed embark on a program of 
“less rule and more reason,’’ we must not 
expect to cut this down to “no rule and 
all reason’’; because the reason for certain 
primary rules is that we must have some 
fundamental rules as base for our opera- 
tions in arithmetic and algebra. 

While I tend to deplore, along with you, 
the “‘you do these this way”? method of 
teaching, I believe we must recognize that 
there are some ideas that we teach that 
have their ultimate justification in a fun- 
damental assumption which states: “We 
have agreed to do these this way.” In 
other words, the ultimate sanction for 
some of the rules of arithmetic and algebra 
is that the basic assumptions of arithmetic 
and algebra say in effect: Let there be 
rules, and let them be as herein set forth. 
This is the kind of reason to which I have 
attached the label “F.” It lacks the chal- 
lenge to the individual participant that we 
find when we employ the kind of reasons 
that I have labeled “C.”’ Really, however, 
type F is necessary to the proper establish- 
ment of type C. 

If sometime we want to introduce the 
pupil to this kind of thing, we must con- 
sider carefully where and how to begin. 
Surely not with respect to fractions in the 
intermediate grades; almost as surely not 
with respect to the irrationals met in cal- 
culating the diagonal of a rectangle. Pos- 
sibly our first mention of such things could 
come when the pupil first meets negative 
number in algebra, or when he must 
manipulate parentheses. What do you 
think? My own choice would be to make a 
beginning in connection with negative 
number. 

If we would communicate to our pupils 
something of the nature of the fundamen- 
tal ideas that underlie the operations with 


negative numbers, we have the problem of 
exposing the arbitrary nature of the 
foundations of arithmetic and algebra. 
This arbitrariness is so contrary to the 
pupil’s previous belief that everything 
that he does in mathematics is in accord 
with reasons of type C, that we must do 
something to prepare him for the new dis- 
closure. My own suggestion would be to 
reveal to him the essential arbitrariness of 
his familiar number system with base 10. 
I would do this by getting him to count 
and to operate in the number system with 
base 5. In this new number system the 
correct responses are often hilariously dif- 
ferent from those that the pupil has been 
accustomed to give when using the decimal 
system. But he can demonstrate that the 
“crazy”? answers that he obtains in this 
new system are really just as good as the 
answers he used to obtain in the decimal 
system. There is no question here of un- 
settling the confidence of the pupils in the 
operations of arithmetic as they have been 
taught them. It is merely a matter of ex- 
hibiting another arithmetic that seems ri- 
diculous but is actually as defensible as the 
one that we use every day. 

The layman likes to polish off an argu- 
ment with “It’s as obvious as 2 plus 2 
equals 4! Well, just how obvious is 
2+2=4; or 4+3=7? If Iam so backward 
in arithmetic that I prefer to count by 
fives, then to me “four plus three makes 
one five plus two,” which I indicate by 
holding up one finger of my right hand and 
two fingers of my left hand; or else by 
writing 1 followed by 2, which you—not 
knowing my habit of mind—hasten to read 
as “twelve,”’ though I myself should read 
it as “‘onefiv two.”’ Also, in my backward 
way, I write “four times three equals 
twofiv two,’’ and would go so far as to 
exhibit my prowess in multiplication by 
writing 

43 
23 
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“234 
111 
2144 


You, using your familiar system of 
grouping by tens, would have done my 
example by writing 

23 
13 
69 
23 
299 
In your system my answer would be in- 
terpreted as 4, plus 4 fives, plus 1 twenty- 
five, plus 2 one hundred twenty-fives; that 
is, 4+20+25+250, or 299. In my system 
I would interpret your 299 as “‘onefiv four, 
plus (onefiv four times twofiv), plus [two 
times (twofiv)?]’’; namely, 14, plus 14X20, 
plus 2400. This becomes 14 plus 330 
plus 1300, or 2144. You are right in your 
system; I am right in mine. There is no 
reason to say that one system is right and 
the other wrong. There is every reason to 
agree for convenience on one or the other, 
or on some other equivalent system. But 
the decision rests upon initial agreement. 
How old must a pupil be to appreciate 
this? 
ividently there are many number sys- 
tems, many arithmetics, all equally valid. 
It is not necessary that 3+4 shall equal 7 
and that 3X4 shall equal 12. In the num- 
ber system with base 5 we should write 
3+4=12 and 3X4=22. I should expect 
that as the pupil comes to accept the arbi- 
trary nature of the underlying assumptions 
and defined terms of his familiar arith- 
metic, he could the more readily accept 
the idea that the introduction of negative 
numbers, and of operations with negative 
numbers, depends on assumptions and de- 
fined terms that are arbitrarily selected. 

Of course, this arbitrary character of the 
assumptions cannot be so unrestrained 
that the assumptions are not compatible. 
But we do not need to dwell on this. We 
hope that by emphasizing the role of fun- 
damental assumptions and definitions we 
shall persuade the pupil that negative 
numbers and the operations upon negative 
numbers cannot be logically deduced from 
unsigned numbers and the operations upon 
unsigned numbers alone. 


I hope that nothing I say in this connec- 
tion will be taken as denying the useful- 
ness of the ordinary illustrations that we 
teachers commonly employ in support of 
the apparent reasonableness of certain 
rules of procedure. These illustrations are 
in accord with the spirit of reasoning of 
type 8. They serve to remind us just how 
the procedure goes; just what the rule is. 
But in the cases that I have in mind I 
assert that. we go too far if we insist that 
from these illustrations the rules of pro- 
cedure can be logically inferred. 

Thus the definitions of negative, zero, 
and fractional exponents are purposely de- 
vised to extend the procedures a" Xa" 
g™/a*=a"", (a")*=a™, which 
originally had meaning only when all the 
exponents were unsigned integers. We 
gladly assent to the new definitions. In es- 
sence, however, they are arbitrary. Just 
because we should like to rewrite a?/a® 
= 1/a* in the form a?/a’=a~ does not give 
us the right toemploy —3 as an exponent. 
There is nothing about —3 that justifies its 
use as an exponent, which—as originally 
defined—implied the “times” idea and had 
therefore to be an unsigned integer. We 
would accord every recognition to intu- 
ition and imagination here, which seem to 
divine that a~* might imply how many 
times you take a as an “inverse factor.” 
But in order to square this with the “con- 
stitution,’’ we must file a bill for a legisla- 
tive act that will define a~*, and will give 
meaning to it, without pretending to de- 
rive this meaning from the original defi- 
nition of a’, 

I have made clear my interest to try to 
show pupils something of the logical frame- 
work of algebra in connection with nega- 
tive number. I have less hope of success 
with respect to the rules for parentheses in 
algebra. Here too the ultimate justifica- 
tion for the accepted rules is to be found 
in the early assumptions and definitions 
which support the logical structure of our 
algebra. I can think of no counterpart, 
however, to the “game to base 5” that 
served us in connection with the rules for 
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operating with negative numbers. Of 
course we can say that parentheses appear 
almost from the very start of algebra, 
logically considered: so close to the very 
beginning that the rules for using them 
must be arbitrarily asserted rather than 
logically deduced from concepts that pre- 
cede them. But we teachers of algebra 
are not going to inflict even a skeletal out- 
line of the foundations of algebra on pupils 
who are just beginning the subject. How- 
ever, it is especially desirable for us to have 
the foundations of algebra in mind at this 
point, in order to emphasize the fact that 
in this instance the very logic of the situ- 
ation challenges our customary antipathy 
to teaching “rules of thumb,”’ and balks 
our customary insistence on putting mean- 
ing ahead of rule of procedure. 

The idea of parentheses appears ex- 
plicitly in the logical foundations of arith- 
metic and is implicit in the pupil’s earliest 
operations with numbers. The basic as- 
sumption concerning the undefined opera- 
tion addition leads us to say, “3 plus 2 is an 
integer, a single number (3+2).” We call 
it 5. Again, 6 plus 7 is an integer, (6+7). 
We can regroup this number as (8+5), as 
(9+4), or as (10+3), where again in each 
‘ase the parenthesis indicates that the 
sum is a single number. The idea of re- 
grouping by tens, however, is the very 
essence of the decimal system. The cus- 
tomary notation of that system dispenses 
with parentheses, so that in the case of the 
particular regrouping (1 ten +3), or 
(10+3), we write merely 13. 

Turning to multiplication, the pupil re- 
groups “4 times 13” as “4 times (1 ten 
+3)”: converts this to “4 tens +4 
threes”; and then to “5 tens +2.”’ In 
effect he says: “4(6+7) =4(10+3) =4(10) 
+1(10)+2=5(10) +2 =52.” Alternatively 
he can say: “4(6+7) =4(6)+4(7) =2(10) 
+4+2(10)+8=4(10) + 1(10) +2 = 5(10) 
+2=52.” 

By what right does the pupil, by what 
right do we adults, do these things? The 
right to do them is established from the 
very beginning by certain assumptions and 


definitions. One assumption asserts that 
any two integers can be added, and that 
their sum is an integer. One of the many 
definitions that establish the method of 
writing numbers in the decimal system de- 
termines the name to be attached to the 
sum of two integers. 

Another assumption says: ““The product 
of a times (b plus c) is (a times 6) plus 
(a times c).’’ Thus, the “removal of the 
parenthesis” in a(b+e) to give the result 
of ab+ac is authorized by a fundamental 
assumption that such a transformation is 
always permissible. If this permission is 
originally given only for integers, it must 
be re-stated in more general terms if it is 
to apply to rational numbers, to irrational 
numbers, and to signed numbers. If some 
of the numbers involved are negative num- 
bers, leading to products such as ‘f—5 
times 7” and “—5 times —3,” the single 
number that is to represent each product 
is decreed by definition. 

The basic reason that the “removal of a 
parenthesis” gives the result that it does 
give is that the result is foreordained in a 
fundamental assumption and in the defi- 
nitions that regulate the nomenclature of 
our decimal system. It is a rule from the 
very beginning. 

Of course, the definitions and assump- 
tions that introduce and support the use 
of parentheses in both arithmetic and alge- 
bra are so chosen as to be “intuitively 
reasonable”’; and our pupils may well be 
permitted at this stage to proceed on the 
basis of such intuitive reasonableness. But 
if we teachers want more than this, and 
insist on reason, genuine reason, then we 
must recognize that the real reason back of 
the rules for parentheses is that “they are 
rules to begin with.” 

To my mind the most likely material 
for the first discussion of the logical strue- 
ture of mathematics is the subject-matter 
of demonstrative geometry. I doubt if al- 
gebra as a whole lends itself to inquiry of 
this sort by pupils of secondary school age. 
This means that when we are teaching 
those topics in algebra that are based im- 
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mediately upon the fundamental defini- 
tions and assumptions of algebra we can- 
not reveal to the pupils the real meaning 
of the procedures we ask them to adopt in 
these instances, but must be content with 
some makeshift of an inductive or of an 
“intuitively reasonable” sort. I think, 
however, that there is one topic in ele- 
mentary algebra where there is at least a 
chance of revealing the arbitrary nature of 
the foundations of algebra and at the same 
time of exciting interest rather than damp- 
ening it. This topic—as I have already 
indicated— is negative number, and the 
rules for operating with negative num- 
bers. 

One great obstacle to an orderly presen- 
tation of the number system of algebra to 
pupils of secondary age is that these pupils 
have already acquired certain fragmentary 
bits of this system in a higgledy-piggledy 
order that is logically indefensible but that 
seems congenial to the psychology of hu- 
man beings. Inevitably, then, there will be 
conflict and confusion when we attempt to 
substitute one presentation for another. 

By custom, pupils in the elementary 
grades learn the addition “facts’’ and the 
multiplication “faets” for integers. They 
learn also to recast these into correspond- 
ing statements that employ the ideas 
“subtract”? and “divide,” respectively. 
They learn that 7 —2 demands the number 
that, added to 2, gives 7; and that 8+2 
demands the number that, multiplied by 
2, gives 8. At an early age they welcome a 
few exceptional numbers like 3, 4, 3 to 
consort with their integers. Later, while 
they are still far too young to appreciate 
the need for agreement in rigging the 
foundations of an abstract logical system, 
we require their tacit assent to the desir- 
ability of extending the concept of division 
to include quotients that are not integers. 
We require, in effect, their tacit assent to 
the idea “7+ 2 demands the number that, 
multiplied by 2, gives 7.”’ We tell them to 
write this new number as “7/2."’ We do 
not actually ask them openly to assent to 
this. We know that they would not appre- 
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ciate the point at issue. We just deal them 
the rational numbers and expect the pupils 
to pick them up. 

So far as the pupils are concerned, frac- 
tions and mixed numbers are just as 
“natural” as integers. They just naturally 
appear and the pupils are just naturally 
expected to accept them. 

When we were extending the concept of 
division to include any fraction, we might 
also have extended the concept of sub- 
traction to include the idea “2—7 de- 
mands the number that, added to 7, gives 
2.”" At least, that would have been a log- 
ical thing to do. I don’t expect you to 
agree that it would have been psycho- 
logically desirable at that age. I don't 
agree to it myself, even though we could 
probably find a few elementary examples 
to justify it to the pupils. By custom we 
consider numbers like 7/2, and operations 
upon such numbers, to be part of arith- 
metic; Whereas —5 and operations upon 
similar numbers are reserved for algebra. 
From a purely logical point of view it 
would seem to be reasonable to consider 
that both kinds of number belong to arith- 
metic, and to consider algebra as a gen- 
eralization of arithmetic that employs 
letters to stand for numbers. 

The distinction between arithmetic and 
algebra is still further blurred by the 
practice of introducing into arithmetic a 
few irrationals of the square root sort 
that arise from the calculation of the 
length of a diagonal of a rectangle, while 
most of the irrationals, and operations 
upon them, are customarily withheld until 
the pupils are well along in algebra. 

While all this is going on, the pupils 
are getting older. More and more they are 
being asked to supply reasons for what 
they do; and they, in their turn, are de- 
manding reasons in support of the ideas 
that they are asked to accept. The rational 
numbers were palmed off on them before 
they had made much progress along this 
road of reason. But by the time adults de- 
cide to introduce negative numbers in 
order to remove the annoying restriction 


upon the operation subtraction, the pupils 
are old enough to require an explanation 
for the appearance of these interlopers. 
There is much less chance of obtaining 
natura: acceptance of these negative rum- 
bers as Just naturally part of the system of 
numbers that everyone uses. 

Although logically the position of nega- 
tives with respect to subtraction is pre- 
cisely analogous to the position of ration- 
als with respect to division, the position 
of the pupils with respect to accepting 
negative numbers is quite different from 
their position with respect to accepting 
rational numbers. For in between the two 
we have accustomed the pupils to ‘‘nat- 
ural” expectation of a reason for each new 
step that we take in mathematics. It is 
additionally embarrassing that the reason 
for the acceptance of negative numbers is 
so different in quality from the kind of 
reason that the pupils have become ac- 
customed to. Having insisted on under- 
standing and meaning, which to date has 
entailed the supplying of reasons of type 
C and §, we now confront the pupils with 
an act that has its justification in a reason 
of type F. This is because the introduction 
of negative numbers is essentially arbi- 
trary. 

Actually, of course, the introduction of 
rational numbers was equally arbitrary, 
but was not so represented to the pupil. 
Supposing that we get the pupil to accept 
the idea of the arbitrariness of the nega- 
tive numbers, would it unsettle him com- 
pletely if we should hark back to the ra- 
tional numbers and tell him the truth 
about them? The best answer I can give 


to this is that it could be regarded as 
proper matter for cautious experiment. 

In one sense it is too bad that all the 
arbitrary acts necessary to the establish- 
ment of our arithmetic and algebra cannot 
be consummated before the pupils are led 
to proceed by reason; to wait on under- 
standing and on meaning. 

It appears that important psychological 
considerations force us to present logically 
equivalent topics of arithmetic and algebra 
in ways that are logically dissimilar. We 
teach fractions and rational numbers in 
general by means of semiobjective ma- 
terials and by means of reasons of type 8. 
In teaching negative number we say “we 
agree that... ,’’ thereby indicating our 
reliance upon reasons of type F. This shift 
in point of view makes great demands on 
the resources of every teacher of algebra. 
The teacher must know the correct mathe- 
matical explanation, and must at the same 
time be sensitive to the psychology of the 
pupils in his particular class. He will 
measure out what he thinks his pupils can 
take. Some teachers will see how to pre- 
pare their pupils to accept more than they 
used to think possible. This is only one 
instance of the more general proposition, 
that much of the teaching of mathematics 
at whatever level requires a constant bal- 
ancing act by the teacher between the de- 
mands of logic and the receptivity of the 
pupil. It is this kind of thing that gives 
continued variety to teaching the same 
subject year in and year out. However 
hard you try, you never get the balance 
just right. I suppose it is partly this that 
makes us keep on trying. 


“Insofar as the propositions of mathematics re- 

fer to reality, they are uncertain, and insofar as 

they are certain, they do not refer to reality.” 
—A. Geometrie und Erfahrung 


“Geometry is the purest realization of human 
reason; but Euclid’s axioms cannot be proved. 
He who does not believe in them sees the whole 
building crash.” 

—ArTHUR KoestLer, Darkness at Noon 


“Science, particularly mathematics, though it 
seems less practical and less real than the news 
contained in the latest radio dispatches, appears 
to be building the one permgnent and stable edi- 
fice in an age where all others are either crum- 
bling or being blown to bits.’’——-KasNER AND 
NEwMaAN, Mathematics and the Imagination 


“We shall never understand one another until 
we reduce the language to seven words.” 
—Kauuit Gisran, Sand and Foam 
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Probability theory of a simple card game 


PAUL KIRKPATRICK, Stanford University, Stanford, California. 
How many cards do you have to remember 
to play a perfect game of concentration? 


Paul Kirkpatrick analyzes the game to provide the answer. 
Teachers and students in advanced algebra classes 
will find this an interesting application of 


THE CARD GAME sometimes known as con- 
centration may be recommended to players 
who are not attracted by the technical 
complexity of bridge, yet who require in 
their pastimes a degree of mental exertion 
not found in the passive spectacle of soli- 
taire. 

Its rules, though widely known, are 
quickly restated. A shuffled deck is spread 
upon the table in a random manner with 
faces down and no two cards touching 
each other. The first player turns up any 
one card and then another, hoping that 
the two will be alike as to face value. Suit 
distinctions are disregarded. In case the 
first player is so fortunate as to pick a pair, 
which is improbable, he removes the two 
cards and proceeds to try again, continu- 
ing as long as his good fortune holds out. 
If or when his two selected cards differ in 
face value, he must replace them, face 
down, where he found them; whereupon 
the turn passes to the next player, who 
proceeds in like manner. All players will 
make mental note of the cards which have 
been exposed and turned down. The value 
of such mental records in the subsequent 
search for pairs is obvious. 

Play continues until all cards have been 
paired off and removed from the board. 
The holder of the greatest number of pairs 
is, of course, the winner. Unless he is al- 
ready familiar with the game, the reader is 
advised to play a few games of concentra- 


some elementary probability theory. 


tion before going on with this discussion. 

The good player is simply the one who 
remembers all the cards exposed but not 
removed, and who picks them up again 
when they are needed to complete his 
pairs. He does not begin his turn by pick- 
ing up a remembered card unless he knows 
in advance where to find its mate; rather, 
he selects first a card as yet unseen, in the 
hope of being able to pair it with some 
previously exposed card from among those 
whose face values and locations are filed in 
his memory. 

Perfect play is possible and even com- 
mon, but its achievement should not be 
regarded as a general demonstration of 
superior mentality. I know a competent 
mathematical physicist who plays so 
badly that he would surely be beaten by 
some mentally defective children who are 
scarcely able to feed themselves. We are 
not here concerned with the game as a rec- 
reation or as a mental test, but as the oc- 
casion for an algebraic analysis. 

A pertinent question at any stage of the 
game is this: what are the chances that the 
next card to be exposed will pair with one 
which has just been turned up? Drawing 
upon his memory of cards previously ex- 
posed the player may find this probability 
to be unity, which is to say, a certainty. 
But, if he knows that the kind of card he 
needs is not to be found among the previ- 
ously exposed cards on the table, it can 
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only be said that the probability of his 
success is the ratio of the number of suit- 
able and as yet unexposed cards (which 
number is either one or three) to the total 
number of unexposed cards. Clearly, this 
ratio is higk when the latter number is 
small, which agrees with the common ex- 
perience that lucky strikes are more com- 
mon as the game nears its end. 
The probability just discussed 
cerns the second card lifted in a given turn; 
us to his first card, the player will be 
wondering about the probability that it 
will resemble some previously exposed and 
still available card whose location he has 
memorized. This is, of course, precisely the 
probability that he will be able to carry off 
a pair in the current turn. This probability 
depends upon how many cards on the table 
the player has been able to keep track of, 
and also upon whether they have three 
similars still in play or only one. Both 
kinds will usually be present. To make 
further progress we need a few symbols. 
Let 
NV, =number of previously exposed cards 
which could be matched by one 
card not previously exposed. 
N;=number of previously exposed cards 
which could be matched by any one 
of three cards not previously ex- 


con- 


posed. 

p=number of pairs which have been 
removed from play. 

P=probability that a previously unex- 
posed card, now about to be lifted, 
may be immediately matched by 
some card which has previously 
been exposed. 

The number of as yet unexposed cards 
which could claim one of the known cards 
as mate is .V,+3.V3. But the total number 
of unknown cards on the table to draw 
from is the 52 with which the game started, 
minus those which have become known 
but have not left the table, minus the 2p 
cards which have already been removed by 
the formation of pairs. Now, if an un- 
known card is to be exposed, the probabil- 
ity that it will be possible to match it im- 


which became 


mediately with a card 

known in some previous turn is 
Ni+3N3 

(1) 


This formula may be put to several uses. 
Applied to the opening stage of the game, 
it yields information about the relative 
advantages of different positions in the 
order of play. As a specific question, let us 
ask which player, first, second, third, ete., 
is most likely to take the first pair. For the 
first card P is zero; for the second it is 
0.0588; for the third it is either zero or 
0.120, depending upon whether or not the 
first two cards constituted a pair. Since, 
at the moment, we are investigating the 
chance that a given player may take the 
game's first pair, we shall assume in the 
‘ase of each calculation that the first pair 
has not previously been taken. Thus, for 
the fourth, fifth, ete., cards, we readily 
find from (1) that P has the values 0.184, 
0.250, 0.319, 0.391, ete. Now, since any 
card picked up either does or does not re- 
semble some previously exposed card, the 
sum of the probability that it does and the 
probability that it does not is unity. Thus, 
the difference between unity and any one 
of the numbers just listed is the probabil- 
ity that the play in question shall fadl to 
reveal the makings of a pair. The prob- 
ability that some particular card, say the 
fifth one disclosed, shall be the first card 
of the first pair is not the number 0.250 
given above, for this is the probability as 
it stands just before the fifth card ts exposed, 
in case no pair has yet been taken. But 
someone may take a pair on an earlier 
turn. The probability we seek is a combi- 
nation of the probability that card num- 
ber five will succeed, if given a chance, and 
the probabilities that numbers one, two, 
three, and four will fail and thus furnish 
that chance. We form this combination by 
multiplying the five probabilities together, 
for it is an established principle that the 
probability of a composite happening is 
the product of the separate probabilities of 
its elementary happenings. 
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Proceeding to evaluate this product, we 
find that its value is 0.169 for the fifth 
card, or about one chance in six. For no 
card other than the fifth does the favoring 
probability stand so high; its values for 
other cards run from zero for the first up 
to the maximum mentioned and down to 
zero again at the fifteenth card. For the 
fourteenth it is only one chance in ten 
thousand. For the thirteenth it is ten 
times as high. Therefore, the seventh 
player (exposing the thirteenth and four- 
teenth cards) may expect to take first 
profits about once in a thousand games. 
Of course, he may do somewhat better if 
preceding players overlook some of their 
opportunities. Clearly, the first pair must 
appear among the first fourteen cards, so 
we shall expect that the sum of their four- 
teen probabilities, calculated as the 0.169 
was calculated, shall just equal 1.000; and 
so it does. The question before us has been 
answered; the third player gets to lift the 
fifth and sixth cards (if no pair was formed 
earlier), therefore his is the preferred posi- 
tion at the table. 

How many ecards must one remember in 
order to play perfectly? In approaching an 
answer to this question, we must first 
realize that the number of cards to be re- 
membered decreases every time a player 
picks up an unknown ecard which he can 
immediately match, and increases every 
time he fails to do so and resorts to an un- 
successful guess in an attempt to complete 
his pair. If at any time the probability P 
of such success is less than 0.5 we must 
expect a failure, with a consequent in- 
crease in the number of cards which must 
be remembered. According to (1) this will 
generally increase P for the next player. If 
P is thus increased to a value greater than 
0.5, we must expect the following player to 
succeed, and his suecess will bring P back 
down. A high P (greater than 0.5) tends to 
decrease and a low P to increase, so after 
the first few turns of a game there is a 
strong tendency for P to hover around the 
value of 0.5. 

Let us assume that the tendency pre- 


vails and substitute P =0.5 in (1), obtain- 
ing 52—2p=3N,+7Ns3. In the early stages 
of the game, few or no pairs have been re- 
moved, so p and Ny; are approximately 
zero, Which makes N3=7.43. This means 
we may expect to have to rememvper seven 
or eight cards in the early part of the 
game, though we must be prepared for 
fluctuations either way from this estimate 
inasmuch as the probable event does not 
invariably happen. 

Early in the game N, is zero, or at any 
rate small in comparison to but toward 
the end the inequality reverses, and it is 
likely that, by the time two-thirds of the 
cards have left the table, NV; will have gone 
to zero. This means only that among the 
cards remaining in play there are now only 
pairs, no quartets having survived. The 
value of P still tends to hover about 0.5, 
and by inserting this probable value of P 
in (1) and putting N3=0 we readily con- 
clude that the number of cards now filed in 
the memory of the perfect player tends 
toward one-third of the number still on the 
table. 

As the game rolls along, we find P be- 
coming less completely curbed by the cor- 
rective influences which have tended to 
keep it in the middle of the road. These 
corrective influences have resided chiefly 
in the numerator of (1), since at first the 
denominator is large (approaching 52) and 
not greatly modified by changes in N; and 
N;. With the growth of p, however, the 
denominator decreases to the point where 
a bit of a change in one of the N’s makes a 
significant proportional alteration in the 
denominator, and so P begins to change by 
rather large jumps. 

Although it is quite correct to say that 
when P is greater than 0.5 a pair will 
probably be completed by the next player, 
the improbable frequently happens, and 
the next player turns up a card unlike any 
of those which have been exposed and not 
removed. This has the effect of increasing 
P for the next play. Toward the end of the 
game, one or two improbable draws of this 
kind may raise P to the value unity. If, for 
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example, there remain upon the table five 
unknown cards and three which have been 
previously exposed, the next player, 
avoiding the known ones, has_ three 
chances in five of picking up a card which 
will lead immediately to a pair (P=0.6). 
But if he is unlucky and picks up one of 
the two cards which do not match with 
any one of the three known cards, he will 


raise P to the value unity, which means 
half of the cards on the table are known. 
When this stage is reached the game is 
practically over, for P never declines from 
unity and the next player, if he has been 
alert, will surely clean the board. Since 
this cleanup may include four or five or 
even more pairs, it frequently determines 
the winner. 


Have you read? 


R. F.; Dimspae, B.; Levin, J. HH. 
“Automatic Digital Computer in Industrial 
Research.”’ I. Journal of the Society for In- 
dustrial and Applied Mathematics, Septem- 
ber 1953, pp. 1-15. 


Electronic computers have received much 
publicity in the everyday press. This article at- 
tempts to answer some of the questions about 
such computers and to point out conditions un- 
der which they operate. Some of the questions 
are: 
1. What problems are best solved by com- 

puters? 

What preparation must be made on the 

problem as it is readied for the computer? 

What are the costs involved? 

. What are the characteristics of the input? 
. How much memory do they have? 

Must members of the staff have a high de- 

gree of mathematical training? 

7. How reliable are such computers? 

As one example of reliability the authors 
state that the reliability is better than allowing 
a human computer one mistake for each year’s 
work. 

This is not a technical article and you will 
find it highly informative for yourself and stu- 
dents. 


Coxerer, H. 8. M. “The Golden Section, Phyl- 
lotoxis, and Wythoff’s Game,”’ Scripta Ma- 
thematica, June-September 1953, pp. 135-43. 


No student of plane geometry has ever com- 
pleted the course without contacting the 
“Golden Section.”” However, many times this 
contact is limited to, ‘Which rectangle is most 
appealing to the eye?” This article gives you a 
simple, well-written discussion of this interesting 
property of number. The development is not 
rigorous but it is historical, and sufficient mathe- 
matical development is given to carry the argu- 
ment through to understanding. The author 
points out the process Euclid used to get the 
pentagram, the spiral and the Golden Section, 
Fibonacci numbers and their appearance in na- 
ture called Phyllotoxis, as well as that age-old 
game of ‘‘Nim”’ as an application to the Golden 


Section. This article must be read carefully to be 
of value. It will add much pleasure and interest 
to the plane geometry class as they approach the 
topic “The Golden Section.” It makes one see 
the mathematical phenomena in much of na- 
ture’s handiwork. 


Gisontr, FraNK. “The Most Important Objec- 
tive in the Teaching of Mathematics,” 
Mathematics Magazine, September—October 
1953, pp. 37-38. 

What do you consider the most important 
objective in teaching mathematics? Wouldn't 
your teaching be shallow indeed if this objective 
were not realized? The author of this short, 
thought-provoking article has one objective 
that he feels is necessary or the other aims may 
actually be hindrances. After following his argu- 
ment I am inclined to agree with him most 
heartily. But read it for yourself and see how 
you feel about it. 


“Please Remit,” Life, December 21, 1953, pp. 
42-53. 


This easy to read and somewhat entertaining 
article will be of much help to any student enter- 
ing the area of study involving credit and install- 
ment buying. Although it is not strictly a mathe- 
matics article, it does provide the necessary 
background and philosophy so vital to a real un- 
derstanding of the mathematical principles in- 
volved. Information is given about ‘The Asso- 
ciated Credit Bureaus of America’? and how it 
maintains a current credit file for many people. 
Such topics as: what information appears in a 
credit file, who has access to the files, how is such 
information used, how do your activities affect 
your file, can your rating be re-established, are 
business men considerate in extending credit? as 
well as many others are discussed. 

Some information is given about the profes- 
sional bill collector. 

This article is well worth having your stu- 
dents read for the implications of life as well as 
the better understanding of mathematics.— 
Philip Peak, Indiana University, Bloomington, 
Indiana. 
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“The mathematics news’ 


ETHEL M. TURNER, State Teachers College, Cheyney, Pennsylvania, 
has written this play in a style which should make it effective. 

It will be welcomed by junior and senior high-school teachers 

who are looking for a live assembly program. 


(A play adaptable for junior and senior 
high-school and college groups.) 


TIME FOR THE PLAY: Forty minutes. 


PURPOSE: Many students come to their 
high-school or college mathematics 
classes feeling that it is merely a “re- 
quired must,” of little real value, and 
of even less interest. These ideas handi- 
cap students of good, as well as those of 
limited, ability and preparation. It also 
lowers the prestige, worth, and power 
that the field offers. To help overcome 
this situation, this play was developed 
with college freshmen. 


MetTHopD: All during the year, students 
were encouraged to bring in mathemati- 
cal news clippings and cartoons. These 
were used as bases for brief discussions 
on Monday mornings, for class-work 
correlation, and for the departmental 
bulletin board in the hall. When many 
items had been gathered, and great 
interest aroused, the students were 
eager for others to hear some of the 
learnings. To spread the news, they 
decided to make a large newspaper and 
to have characters representing each 
page tell or illustrate their news items in 
brief speeches or skits. Each participant 
was given one minute to present the 
most interesting of His news items. 


MATERIALS: Programs for audience, one 
armful of newspapers, model snowflake, 
a large leaf, sea shells, twelve-foot length 
of rope, camera, yardstick, ticker tape, 


large model stock quotation, giant- 
size newspaper. The latter can be made 
by students as follows: Large sheets of 
white shelf-paper, glued together to 
the size desired, are thumbtacked on 
to thin strips of wood molding made into 
a framework for each page. The frames 
may be punctured and wired to a pole 
or broomstick handle, so they can be 
turned as pages when necessary. 


SUGGESTIONS FOR ILLUSTRATING “The 
Mathematics News’’: 


Page one, Name “Headlines,” with a 
few smaller key words underneath, of 
topics current in interest and having some 
mathematical flavor. 

Page two, “Special Features,”’ with pic- 
tures of atomic circles, a bridge, a building, 
a formula that is useful in life and under- 
stood by students. 

Page three, ‘““Who’s Who,” pictures with 
names underneath, such as Newton, Maria 
Agnesi, Napoleon, Omar Khayyam, Des- 
cartes, Florence Nightingale, Einstein, 
Lewis Carroll, Queen Elizabeth. 

Page four, A large financial graph 
showing stock trends. 

Page five, A large laughing clown face. 

Page six, School letters in proper colors. 
Pictures of a football game, a basketball 
game, an archer, and a runner. 

Page seven, “‘Editorial,’’ with picture of 
geometric figures, numerals, abacus, etc. 


CAST OF CHARACTERS (as they appear): 


Mistress of Ceremonies 
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Newsboy 

Girl 

Carriers of Giant Newspaper 

Front-page Speakers 

Speakers, Page Two, “Special Fea- 

tures” 

Group A. 
Group B. 


Mathematics and Science 
Mathematics in Art and 
Architecture 
Group C. History of Mathematics 
Group D. Inquiring Photographer 
Speakers for Society Page 
Speakers for Financial Page 
Actors for Comic Page 
Speaker for Sports Page 
Speaker for Editorial Page 
Newsboy and Girl 
Entire Cast—Song Finale 


THE PLAY 

Mistress OF CEREMONIES (Enters lo 
introduce play): The Department of 
Mathematics brings you today a special 
edition of its paper, Mathematics 
News.” It contains the regular sections 
of all good papers, such as front-page 
news of importance, special features, a 
society page, financial news, comics, a 
sports section, and an editorial page. So 
come, join us as we read “The Mathe- 
matics News.” We will not bore nor 
confuse you with abstract, technical 
terms. You will understand all we say. 
We hope you will hear and see some 
things you will enjoy, and that you will 
take some of them away with you. (She 
leaves stage.) 

Newspoy (Enters, carrying bundle of 
newspapers): Extra! Extra! Read all 
about it. “The Mathematics News!’ 
Get your mathematics in the News. 
(Walks to center of stage.) 

(iirt (Enters): What’s that you’re selling? 
A mathematics newspaper? 

Newspoy: Yes, Miss. Have a_ copy! 
Latest edition. (He offers her one of his 
papers.) 

Girt: Ha! Ha! Ha! Whoever heard of a 
mathematics paper? Do you really think 
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anybody wants to buy a paper full of 
just counting and dry figures? 


Newssoy: If that’s all you think mathe- 
matics is, you're so wrong! There's so 
much more to it than counting. It has 
plenty of interesting topics. 


kL: I'd like to know what they are. 


Newspoy (Looking at his watch): I have 
a little extra time. This issue is a special 
anniversary edition. I'll show you some 
of its features. If you don’t like it, you 
don’t have to buy it. 

(Newsboy and girl sit on chairs at side 
front of stage.) 

Three boys enter carrying giant news- 
paper, which is closed, having only front 
page visible. They stand at center back of 
stage, holding paper. 

Four “front-page speakers’ 
range themselves on both sides of paper. 
They take turns giving one-minute 
speeches, motioning toward paper, but 
looking at audience, speaking on headlines 
that are current topics whenever the play 
is given. The original talks were: 

1. New Census Being Taken 

2. Statistics on Accidents in the Home 

3. Radar Now Used to Catch Speeders 

4. Tomorrow is Income Tax Deadline 

When the last of the four finishes his 
talk, they all leave the stage. Meanwhile, 
the book-carriers turn over the front page, 
so that pages two and three are visible. 

“Page Two (Group A) speakers” enter. 
Leader announces, “Page Two—Special 
Features.”’ He and his group each give a 
talk on such topics as formulas, the atom, 
and mathematics in medicine. The latter 
concerned the part calculus played in 
blood-poisoning control at Johns Hopkins 
Hospital. They then leave stage. 

“Page Two speakers "(Group B, a boy 
and girl) enter. The girl holds up to view 
a sea shell and leaf, as she talks on “Math- 
ematics in Nature.”’ The boy then points 
to bridge drawn on Page Two and talks 
on “Mathematies in Architecture.”’ They 
leave stage. 


’ 


enter, who 


Page Two (Group C) enters. Leader 
talks about “The Ancient Egyptian Rope 
Stretchers.’’ His three assistants illustrate 
making a 3-4-5’ right triangle with a 
length of rope. One of the group next tells 
a short history of “Magic Squares.”’ Group 
then leaves. 

The “Inquiring Photographer,” Leader 
of Group D, enters. He interviews, then 
photographs each arriving member of his 
group on the question for the day, a cur- 
rent topic, “How does the devaluation of 
the British pound affect the United 
States?” This little skit can be done both 
humorously and effectively by using the 
following suggestions: 


. A man knows nothing on the 
topic, but is interested. 
A person who thinks photogra- 
pher is a fake. 
A fat woman, knowing only 
avoirdupois weight for meaning 
of a “pound,” but loves having 
her picture taken. 
4. An intelligent citizen who knows 
and tells correct answer briefly. 
End of Page Two. The photographer 
leaves the stage. 
“Page Three group” enters. 

Leaver: “Society Page’ historians have 
told us much about the people our paper 
spotlights this week, but, somehow, few 
writers have let us know that these peo- 
ple were connected with mathematics. 
What you hear now are true facts. 
Each member of group gives the usual 

historical connection about each of the fol- 

lowing, plus the following facts: 

A. Omar Khayyam contributed to de- 
velopment of algebra in Arabia. 

B. Napoleon was fond of having his 
engineers work geometric problems. 
One, called “Napoleon's Problem,” 
Was to construct a square with a 
compass. 
Maria Agnesi was a nun who made 
many mathematical discoveries. One 
geometric curve, called “The Witch 
of Agnesi,” bears her name. 


D. Descartes was accomplished in both 
philosophy and mathematics. 
E. Lewis Carroll was a university in- 
structor in mathematics and wrote 
scholarly mathematical treatises, as 
well as Alice in Wonderland. 
“Page Three group” leaves the stage. 
“Page Four group” (2 members) enters; 
one carries stock ticker tape, the other a 
large stock quotation, One member intro- 
duces the page, tells how the class studied 
financial page, then explains ticker tape. 
Other member explains his enlarged stock 
quotation, and closes with a few “Tips to 
Amateur Investors.’’ They leave the stage. 

“Page Five group” enters, one member 
announcing “The Comie Page.” This 
group acted out short skits from cartoons 
donated by students. Following are exam- 
ples: 

A, Talkative, but “illiterate” 
could not count. Finally, ove “bright” 
member solved the problem with “1, 
2, 3, 4, 5, 6, 7, 8, 9, 10, Jack, Queen, 
King.”’ 

After others had missed it, one mem- 
ber guessed another's age correctly. 
When asked how he guessed it, he 
said, “My brother is 22, he’s only 
half as crazy as you, so that makes 


group 


you 44.” 

One member claims to be a poet. As 
he reads a poem, two other comics, 
one tall, one short, act the poem in 


pantomine. The poem is “The Big 
Silver Dollar and the Little Brown 
Cent.” 


POEM 

The big silver dollar and the little 
brown cent 

Met one day, and a-walking went. 

Said the big silver dollar, “I’m big, 
not small, 

You're just a little thing, nothing at 
all. 


“Look at my motto, ‘ “In God we 


trunt,”” 
You're so cheap you're almost a 
* et” 
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Look at my coat, so shiny and loud, 
And I’m worth a hundred of your 
cheap crowd.” 


“T know,” said the Cent, “I’m called 
just a mite; 

i'm not very big and not very bright, 

But you're not so good, and I'll tell 
you why, 

You don’t go to church as often as 


Anonymous 


. Last act of “The Comic Page’’— 
The squelching of a talkative fellow 
by one of his companions, who holds 
a yardstick and says, “He who 
thinketh by the inch and talketh by 
the yard should be kicketh by the 
foot.” Then the latter playfully 
“boots” away the talkative one, and 
all the group leave the stage. 

The carriers of paper turn another page. 

One student enters, the “Sports Edi- 
tor,’ who represents Page Six, the Sports 
Page. He gives a résumé of the school’s 
athletic activities for the year, some in 
statistical form, such as averages; men- 
tions some outstanding games and ath- 
letes to rally school spirit. He leaves stage. 

One student enters, representing Page 
Seven as the “Editor.” Saying “The Edi- 
tor speaks,’’ he summarizes the play thus: 

“The theme of our newspaper is that 
mathematics can be an interesting subject, 
with both practical and cultural values. 
We use it as a tool to help us on to better 
living. We apply its laws not only in class 
exercises, but also in real problems, some 
even here on our own campus. For in- 
stance, when we studied trapezoids, we 
found that our own college farm’s cow 
pasture has that shape. When we studied 
areas and perimeters, we measured and 
laid out our own athletic fields. We were 
surprised to find that the fence around our 
football field cost over $7000, but decided 
it was a good investment for the additional 
revenue it would bring the school through 
admission charges. 


“These problems bring to mind the fact 
that mathematics is not only counting, 
which we call the quantitative aspect. It is 
also the development of systematic and 
logical thinking, and weighing facts, called 
the qualitative aspect. One author has said 
that mathematics is the science of drawing 
conclusions. Whatever you think it is, we 
know that everybody, the world over, uses 
it. There is a fascinating history behind it, 
and an increasingly important future 
ahead of it. It will help you not only to live 
better, but also to enjoy life more and 
more. Keep on the look-out for mathe- 
matics at work, at play, in and out of 
doors. Take up our borrowed slogan, 
‘Look sharp, feel sharp, be sharp.’ Your 
mathematics will then become more than 
a chore, a pleasure as well as a help.”’ 

As the Editor finishes speaking, he 
moves to one side of the stage. 

Newsboy and Girl rise and come to 
center of stage. They stand looking at the 
paper as the Carriers move paper for- 
ward. Meanwhile, the rest of cast file in 
and stand across stage behind the paper. 
Newsboy and Girl then face the audience. 
Giru: I never thought of relating mathe- 
matics to all these things. Give me one of 
your papers. 

Newspsoy (ands her a paper, then faces 
the audience): I thought you'd like it 
when you understood it better. We also 
keep a mathematics bulletin board in 
the hall outside our classroom. You will 
find news items there every week. Now 
we must go. Let’s have everybody join 
us in our closing song. The words are on 
your programs. All sing. 


CLOSING SONG 
(Tune: Battle Hymn of the Republic) 


Oh we're the Mathematics groups 
Of our school, you see; 

We're pursuing mathematics with 
A great intensity. 

‘Tis a very living subject of a 
great fertility, 

Its truth is marching on. 
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Chorus 


Glory, Glory Mathematics 

Glory, Glory Mathematics 

Glory, Glory Mathematics 
Its truth is marching on. 


A universal language, just the 
Same the wide world o’er, 

It started from such simple things 
As two and two make four, 

And every day in every way 
Important more and more, 

Its truth is marching on. 


Chorus 
(Curtain) 
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The editor’s mail 


441 Park Rd. 
West Hartford, Conn. 
Nov. 20, 1953 


Mr. Henry Van Engen, Editor 
Tue Maruematics TEACHER 
lowa State Teachers College 
Cedar Falls, lowa 


Dear Mr. Van Engen: 


May I take this opportunity of disagreeing 
with the findings of the editors, whose exposition 
of a profit problem appears on p. 512 of the No- 
vember “‘Teacher’’? 

It occurs to me that the profit per cow solu- 
tion which he gives to the question ‘Which 
grade of beef will bring the greater profit?” ig- 
nores too many of the variables which follow a 
choice of cost per cow. One of the variables is the 
number of cows which can be purchased with a 
given investment, and the other the cost of feed- 
ing the herd. 

It is unrealistic to assume that identical 
numbers of each grade is to be compared, since 
one requires a larger investment than the other, 
and the profit-per-cow result is therefore mean- 
ingless. I find the solution as follows: 


Let z =the available capital in either case. 


Let y=the cost of feeding one cow (‘‘sub- 
stantially the same’’) 


FOR PREMIUM ANIMAL 


z 
100 =the number of cows 


= margin on the herd 
——= ne her¢ 
100 


on net profit 
100 100 P 


=2(1.5—.01y) 


FOR STANDARD ANIMAL 


— =the number of cows 


75 


2 
= margin on herd 


125 
=net profit 


=2(13—.01}y) 


It can be seen that, by equating the two 
parentheses above, the net profit would be equal 
when the cost of feeding the cows amounted to 
$50 per animal, and that, below that figure, 
standard cows would bring a greater profit per- 
centage on investment. Obviously, cows cannot 
be raised on this sum, else farming would be 
lucrative; however, it is interesting to note a 
theoretical exception to the Solution. 

Yours very truly, 
(Signed) Arruur FE. 
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@ DEVICES FOR THE MATHEMATICS CLASSROOM 


Edited by Emil J. Berger, Monroe High School, St. Paul, Minnesota 


The mathematical house 


The problem of developing instructional 
materials for junior high-school general 
mathematics classes is a difficult one. Be- 
cause of the diversity of interests and 
previous training of the pupils who are 
normally enrolled in these classes it is 
hard to find topics which are sufficiently 
interesting and general in their appeal to 
meet the needs of a majority of the pupils 
found in these classes. 

Problems involving construction, repair, 
and maintenance of a house probably come 
as close to meeting this prescription as 
any that might be suggested. Shelter is a 
basic need and a large percentage of the 
pupils of this age are at least somewhat 
acquainted with their parents’ concern 
over the problem of providing a home. 
So it would seem that a good way to moti- 
vate work with the usual topies of linear 
measure, area, simple geometric forms, 
and related business problems would be to 
tie these topics in with problems involving 
flooring, plastering, papering, painting, 
roofing, ete. 

Now of course it would be simply ideal 
if pupils studying these topies could take 
over a house in order that they might ex- 
amine the nature of the problems involved 
firsthand, but unfortunately such a plan 
is usually not feasible. However, it is con- 
ceivable that a model of a house might be 
used. Next to employing an actual object 
as a visual aid, probably the most useful 
type of aid that can be substituted is a 
model of that object. A miniature house 


Contributed by Harold Bulmer, 
The D.C. Everest Jr. and Sr. High School, 
Schofield, Wisconsin 


constructed so that it can be dismantled 
for examination makes an ideal model 
with which to illustrate principles of 
measurement and area. It is this thought 
which prompted this contributor to submit 
“The Mathematical House” to THe 
MatueMatics Teacuer for consideration 
by its readers. 
Its construction entails some of the 
same steps that weekend cabinet-makers 
and hobby craftsmen might employ in 
building a bird house. Because the car- 
pentry skills required are fairly elemen- 
tary the reader may find it to his liking to 
encourage his pupils to construct their 
own model houses for use in class diseus- 
sions. 
Materials needed to construct this de- 
vice include approximately 3 square feet 
of plywood }” thick, eleven narrow 1” 
butt hinges, forty-four No. 4 screws each 
1” long, and eight No. 2163 screw eyes. 
The individual pieces of millwork that 
are to be cut from the plywood consist of 
the following: 
Two rectangular side pieces, each 6” X 
11” 

Two rectangular end pieces, each 6” X 
83” 

Two rectangular roof pieces, each 7” X 
13” 

One rectangular floor piece 8” X11” 

Two congruent right isosceles triangular 
gable pieces, each with a base of 83” 
and an altitude of 42”. 

After the above list of pieces have been 
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Figure 1 


cut, select one-of the gable pieces and di- 
vide it into two congruent right isosceles 
triangular pieces by cutting along the alti- 
tude of the original triangle. Then arrange 
and assemble the various pieces with hinges 
and screws as illustrated in Figure 1. 
Either before or after assembling, mark 
the inside side of the divided gable piece, 
one side piece, one end piece, and both roof 
pieces into squares 1”X1” (Figure 2). 
Note that the side edges of the end piece 
in the illustration are shaded. These 
narrow shaded areas are as wide as the 
thickness of the }” plywood used for this 
construction. Thus, except for a slight in- 
consistency with respect to the gable meas- 
urements, all inside dimensions of the 


model are commensurable by the inch and 
the use of the square inch as a unit of area 
is quite appropriate. Inspection of the 
joined roof halves in Figure 2 will reveal (in 
addition to the cross section markings al- 
ready explained) two heavy black lines 
which together with two adjacent edges of 
the roof halves (extended) set off a square 
10” X10". The purpose of this large square 
is to assist pupils in visualizing what is 
meant by a “square” of roofing material. 

To complete the framework of the 
house raise the ends and sides and fasten 
them together at the four corners with 
screw eyes and hooks according to the 
plan suggested by the diagram in Figure 3. 
Suitable hooks may be improvised from 
paper clips. 

To add finish to the device, sand all 
edges smooth, varnish the inside, paint 
the outside walls white, and the roof green. 
To add a touch of reality to the device 
stencil on doors and windows in accord- 
ance with the designs indicated in Figure 
4, or any others that the reader may deem 
appropriate. 

Following is an outline of suggested 
activities indicating how “The Mathe- 
matical House” may be used in the class- 
room situation: 

I. Measuring activities. 

A. Measuring the height and length 
(or width) of the walls, the length 
and width of the floor, the altitude 
and base of the gables, and the 
length and slant height of the roof. 
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. Recording inside and outside meas- 
urements in accordance with the 
degree of precision allowed by the 
measuring instrument used. 

. Recording measurements to the 
nearest inch, the nearest one-half 
inch, ete. 

. Discussion of the English and 
metric units of linear measure and 
their conversion relations. 

. Helping pupils to develop an un- 
understanding of the meaning of 
the expression, “scale of repre- 
sentation.”’ (Since “The Mathe- 
matical House”’ is a model repre- 
senting a real object this activity 
is a necessary prerequisite to con- 
sideration of real-life problems in 
which the model is used as a 
means of enhancing visualization.) 


II. Activities designed to help pupils 


develop an understanding of the area 
concept. 
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A. Finding the area of a surface by 
counting the unit squares into 
which the surface is divided. 

. Developing formulas for the area 
of a rectangle and a square. 

. Comparing the areas of two walls 
by comparing the products of their 
dimensions. 

. Finding the total area of the four 
inside walls, and (or) the four out- 
side walls. 

. Finding the area of the ceiling of a 
room by comparing it with the 
area of the floor of the room. 


. Activities involving the roof. 


A. Finding the lengths of the edges 
and the ridge. 

B. Finding the area of the roof by 
finding the sum of the areas of the 
two halves. 

C. Interpreting the area of the roof 
as the area of a single rectangle. 

D. Determining what fractional part 
of the roof is “wasted” on eaves. 


’. Activities involving the gables. 


A. Developing the definitions of such 
terms as triangle, base, and alti- 
tude; legs, base, and altitude of an 
isosceles triangle; and legs, hypot- 
enuse, base, and altitude of a 
right triangle. 

. Finding the length of a rafter by 
applying the Pythagorean rela- 
tion if the class is prepared for it. 

. Interpreting the meaning of the 
expression “slope of a roof” in 
terms of the carpenter’s ratio 
definition. 

D. Developing the formula for the 
area of a triangle. 


. Consideration of problems in applica- 


tion which involve the use of the area 
concept. (The kinds of problems in- 
tended here do not pertain directly to 
the model itself, but using the model 
with these problems should enable 
pupils to visualize accurately the areas 
that need to be considered.) 


Continued on page 278 
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In our discussion of the early growth of 
the concept of complex numbers! we 
pointed out that as with other new mem- 
bers of the number system (e.g. irration- 
als and negatives) they were regarded 
distrustfully as “sophisticated” and_re- 
quiring an arithmetic as “subtile’’ as it 
would be “inutile” even by their inventor, 
Cardan. Three things were required to 
make them become accepted, understood, 
and useful. These were graphical repre- 
sentation, practical application, and a 
more complete and_ logically rigorous 
mathematical theory. These are the chief 
topics of this second part of our history 
of the development of complex numbers. 

Complex numbers are most commonly 
represented graphically as points in a 
plane whose rectangular co-ordinates cor- 
respond respectively to the real and imag- 
inary parts of the number. Such a repre- 
sentation is often referred to as the Gauss 
plane or Argand diagram. This terminol- 
ogy is historically unfair because our 
Figure 1 shows the title-page of the first 
printed treatment of this scheme. The 
Norwegian surveyor (Landmaaler) Cas- 
par Wessel (1745-1818) presented his On 
the Analytical Representation of Direction, 
an Attempt; Applied Chiefly to the Solution 
of Plane and Spherical Polygons to the 
Royal Academy of Denmark in 1797. It 


1 Toe Matruematics Teacuer, XLVII (February, 
1954), pp. 106-114. 
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Edited by Phillip S. Jones, University of Michigan, Ann Arbor, Michigan 


The continuation of the story of the growth of the concept of number and its role 
in the origins of the idea of a modern abstract, axiomatic approach to algebra. 


Complex numbers: an example of recurring themes 


in the development of mathematics—Il 


by Phillip S. Jones 


was printed as shown here in 1798 and 
again in the memoirs of the Academy in 


om 


Directionens analytiffe Beteqning, 


et 
anvends fornemmetig 


a 
plane og (pharifte Polygonerés Oplesuing. 


Cafpar Beffet, 


Kiebenhavn 1798. 
Irpft bes Johan Radoiph Thicte 


Figure 1 


1799.? Figure 2 shows Wessel’s use of ¢ for 
V—1 and indicates in its use of angles the 
objective which he sought, the simultane- 


? A translation of a large part of this work may be 
found on pages 55-66 of D. E. Smith, A Source Book in 
Mathematics (New York: McGraw-Hill Book Co., 
Inc., 1929). The pictures illustrating this story are all 
of books in the University of Michigan’s History of 
Science collection. 
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Figure 2 


ous representation, algebraically, of both 
distance and direction. That this was a 
natural desire for a surveyor is shown by 
his application of his scheme to the solu- 
tion of triangles. Wessel thus was implic- 
itly thinking of complex numbers as asso- 
ciated with vectors, a second and highly 
useful graphical interpretation. 

Wessel’s work had been only indirectly 
anticipated by that of Wallis as was shown 
in Part I of this series of notes. However, 
the journals of “the Prince of Mathe- 
maticians,’’ C. F. Gauss, show that he 
probably had the notion well worked out as 
‘arly as 1796. Gauss is almost as extraor- 
dinary for the ideas (e.g. non-Euclidean 
geometry, complex numbers) with which 
he had made substantial progress but 
never mentioned until after someone else 
had them in print, as he is for his many 
outstanding published discoveries. Wessel 
failed for years to receive recognition for 
his discovery because Danish publications 
were little read, and hence even the Swiss 
J. R. Argand has been better known al- 
though his independent invention of a 


rectangular diagram for representing com- 
plex numbers was not published until 
1806 in France. 

Just as the term “Argand”’ diagram may 
be a little misleading so is the familiar 
“DeMoivre’s Theorem.” As early as 1676 
Newton had a similar formula for the cube 
roots of complex numbers arising out of 
Cardan’s formulas for solving cubics.* 
DeMoivre referred to this in the Philo- 
sophical Transactions of the Royal Society 
in 1698, and gave forms leading to, or spe- 
cial cases of, his theorem in the volumes 
tor 1707, 1722, 1738 as well as in his own 
book Miscellanea Analytica (1730); how- 
ever, he never explicitly stated (cos x+7 
sin x)"=cos nr+i sin nr in any of his 
writings.* 

Leonard Euler gave the first explicit 
statement of DeMoivre’s theorem in this 
form in his Introductio in Analysin In- 
finitorum (Lausanne, 1748).° This book has 
been called “the foremost textbook of 
modern times,’® because it began to give 
full play to the notion of functions, their 
systematic study using algebraie and limit 
techniques with a terminology and a nota- 
tion which are almost modern. The title- 
page (Figure 3) implies something of the 
remarkable story of its prolific, ultimately 
blind author who was born in Switzerland 
(note that the book was published in Lau- 
sanne) but spent most of his days at the 
courts of Frederick the Great (note, “Pro- 
fessore Regio Berolinensi’’) and Catherine 
the Great (ef. “Academia Imperialis 
Scientiarum Petropolitanae Socio’’). 

Figure 4, page 104 of this book, shows in 
lines 3, 4 the use of e for the base of the 
natural (or hyperbolic) logarithms. Euler 
chose e, the first letter of his name. His 
was the earliest algorithmic treatment of 


3 A. von Braunmiihl, ‘‘Zur Geschichte der Entsteh- 
ung des sogenannten Moivreschen Satzes,"’ Bibliotheca 
Mathematica, Series 3, Vol. 2 (1901), p. 97 ff. 

4 This statement plus interesting translations by 
R. C. Archibald of several of De Moivre’s and Euler’s 
notes may be found in Smith, op. cit., pp. 440-54. 

5 Loe. cit., p. 451. 

6° C. B. Boyer, ‘‘The Foremost Textbook of Mod- 
ern Times,” The American Mathematical Monthly, 
Vol. 58 (1951), pp. 223-26. 
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Figure 3 


logarithms as exponents;’? Napier, the 
Scotch inventor of logarithms, did not con- 
ceive of them as exponents at all. In lines 
5 and 6 we find the formulas 


cos 
2 
and 
sin 0= 
22 


which typify several important develop- 
ments in mathematical history: (1) the 
growth of a mathematical theory of com- 
plex numbers leading to the development 
of the theory of functions of a complex 
variable; (2) the development of the inter- 
relationships between exponential, log- 
arithmic, trigonometric, and hyperbolic 


Ibid., p. 224, 
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Figure 4 


functions; (3) the development of trigo- 
nometric functions as abstract pure mathe- 
matical functions, a late stage, perhaps the 
latest, in the history of trigonometry. Trig- 
onometry began as the study of chords 
and ares of circles on a sphere in Greek 
astronomy. The Hindus used the half- 
chords which became our sine-function and 
added the tangent-function (by a different 
name). Later, trigonometrie functions 
were regarded as sides of right triangles or 
lines related to a circle with a given radius, 
then were viewed as ratios and finally have 
been recognized as merely complex valued 
functions of a complex variable, not logi- 
cally dependent upon any geometric or 
physical quantities or concepts. Note that 
although Euler was also the originator of 
the use of 7 for \/—1, he was here using 
this letter (line 8 from the bottom) for “a 
number infinitely great.” 

This latter manner of speaking falls far 
short of modern standards of rigor. Mod- 
ern rigor in mathematical analysis, i.e. in 
the calculus and in the theory of functions 
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and on Algebra as the Science of Pure Time. 


On the Addition, Subtraction, Multiplication, and Division, of Number- Couples, 
as combined with each other. 


6. Proceeding to operations upon number-couples, considered in combination with 
each other, it is easy now to see the reasonableness of the following definitions, and 
even their necessity, if we would preserve in the simplest way, the analogy of the the- 
ory of couples to the theory of singles : 


(4, 4)+ (4, (52.) 


Were these definitions even altogether arbitrary, they would at Icast not contradict 
each other, nor the earlier principles of Algebra, and it would be possible to draw 
legitimate conclusions, by rigorous mathematical reasoning, from premises thus arbi- 
trarily assumed : but the persons who have read with attention the foregoing remarhs 
of this theory, and have compared-them with the Preliminary Essay, will see that 
these definitions are really not arbitrarily chosen, and that though others might have 
been assumed, no others would be equally proper. 

With these definitions, addition and subtraction of number-couples are mutually 
inverse operations, and so are multiplication and division ; and we have the relations, 


5) +(%, a)=(a, a) + (5, 4,), (56.) 
ry x a)x(h, by)» (57.) 


we may, therefore, extend to aumber-couples all those results respecting numbers, 
which have been deduced from principles corresponding to these last relations. For 
example, 


+ 2(h, b.) (a, a) + (a, 3) 
VOL. XVII, $e 


Figure 5 


of real and complex variables, received its A modern rigorous treatment of the 
greatest initial impetus from A. Cauchy complex numbers themselves was devel- 
and often has its beginnings dated 1825 oped by Sir William Rowan Hamilton 
when Cauchy’s famous theorem on the prior to 1833 and was first published in 
values of integrals with imaginary limits Volume XVII of the Transactions of the 
was published. Royal Trish Academy for 1837. This was 
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titled “Theory of Conjugate Functions, or 
Algebraic Couples; with a Preliminary and 
Elementary Essay on Algebra as the Sci- 
ence of Pure Time.’’ Hamilton considers 
the set of all real numbers as existing and 
then defines an ordered pair or couple of 
real numbers to be a new number, thus 
(1, 2), (—3, V2), (—7z, 5) are number 
couples. (1, 2) and (2, 1) are different 
couples because the real numbers com- 
posing the couples, though the same num- 
bers, are written in a different order. 

Hamilton then proceeds to give “arbi- 
trary” definitions for the addition, sub- 
traction, multiplication, and division of 
couples. For example, by definition (a, b) + 
d)=(a+e, b+d) and (a, b)-(e, d)= 
(ac—bd, ad+bc) (see Figure 5). From his 
definitions he showed that this new num- 
ber system was “closed,” i.e. the combina- 
tion of two operations (except division by 
zero) always leads to a new couple of real 
numbers. The associative .ommutative, 
and distributive laws hold for couples and 
hence we have a new number system which 
includes the reals since they can be made 
to correspond to couples of the type (a, 0). 
Vigure 6 shows a page of this article. The 
formula (149) is for the mt* roots of 1 and 
is hence a special case of De Moivre’s 
theorem written in couple notation. The 
sentence at the bottom page states Hamil- 
ton’s conclusions about the nature of +/—1. 
Its completion on page 418 reads “. . . or 
& REAL COUPLE, namely (as we have just 
now seen) the principal square-root of the 
couple {—1, 0). In the latter theory, 
therefore, though not in the former, this 
sign /—1 may properly be employed; and 
we may write if we choose, for any couple 
whatever, (a1,@2) =a; +a2\/—1,.... 
However, the notation '(a,,a2) appears 
to be sufficiently simple.”’ 

Hamilton made two significant errors in 
this paper that reveal something of how 
mathematical ideas grow. At the end he 
promised to publish an algebra of number 
triplets later. Later, after much trouble he 
finally produced not an algebra of triplets 
(there can not be such), but a fascinating 


and on Algebra as the Science of Pure Time. 417 
primary wnit (1,0). The mib root of any couple bas therefore m distinct colues, 
and no more, becuse the mth root of the primary unit (1, 0) has m distinct values, 
and po more, since it may be thus expressed, by (147) and (191.), 

4 tee 2ee 
(1, 0)== (cos ="), aw) 
that, by the low of periodiity (133. for any different whole umber 
= 1500 
and therefore generally, 
a 
tut not othersise, For example, the cube-root of the primary unit (1, 0) has three 
detinet valucs, and no more, namely 


that cach of these three couples, but me other, has its cube = 11,0. the 
couple (= 1, 0) has two dr-tinct square-ryots, and no more, namely 

= 40,1), (-1, 07 =, 
In general we may agree to denote the prin pal square-root of a couple (b,.6,) by 
the svmboll 


= th, 17; (iss) 


aml then we shall have the particular equation 
1); (1564 
which may, by the principle (61.), be concisely denoted as follows, 
J=1=(0, 1). 157) 
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Figure 6 

algebra of quadruples which he called 
quaternions, having four units 1, @, J, k. 

Hamilton was much interested in phys- 
ics, especially optics and mechanics. He 
found uses for quaternions in the latter 
area. His other “error” is related to his 
views of the relations between mathemat- 
ics and the physical world. He stated in 
his “Essay on Algebra as a Science of 
Pure Time”’ that he was establishing alge- 
bra on as sound a basis as Euclidean ge- 
ometry, “For it has not fared with the 
principles of algebra as with the principles 
of Geometry. No candid and intelligent 
person can doubt the truth of the chief 
properties of Parallel Lines as set forth by 
Euclid, ...’’ He goes on to say that he 
has been “in hope of developing a Science 
OF ALGEBRA . . . deduced by valid reason- 
ings from its own intuitive principles. . . .”’ 
He then expands on the idea that as space 
is the intuitive base of geometry, so time 
is the intuitive principle at the foundation 
of algebra. 

The irony of this is that it was at this 
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very time that Lobachevsky and Bolyai 
were questioning the foundations of Eu- 
clid, especially his parallel postulate, and 
that Hamilton, rather than giving an in- 
tuitive foundation for algebra in terms of 
time, had really laid the foundations for a 
modern, abstract, constructive-axiomatic 
approach. The philosophy of the latter ac- 
knowledges intuition and previous experi- 
ence only as the guides which lead a 
mathematician at any one time to make 
the particular choice of “arbitrary” defi- 
nitions which turn out to be useful and/or 
pleasing to him. This story is an interesting 
parallel to that of Girolamo Saccheri who 
published in 1733 what he thought was a 
proof or vindication of Euclid’s parallel 
postulate by a reductio ad absurdum. He 
never realized that the reductio was not 
valid and that he had really begun the de- 


velopment of non-Euclidean geometry. 
The earliest applications of complex 
numbers as well as the motivation for their 
development was in algebra, in the solu- 
tion of equations and the proving of 
theorems about their roots. In the eight- 
eenth century J. H. Lambert used the 
functions of a complex variable in con- 
structing both terrestrial and celestial 
maps (see Figure 7).8 Lambert’s conformal 
conie projection is still a favorite one for 
aviation and military maps. At about this 
same time Jean le Rond D’Alembert and 
others were using the theory of functions 
8 J. H. Lambert, Beitriige zum Gebrauche der Mathe- 
matik, (Berlin: 1772). The current use of complex 
variables in map design may be seen in Charles H. 
Deetz, The Lambert Conformal Conic Projection, Spe- 
cial Publication No. 47 of the U.S. Coast and Geodetic 
Survey (Washington: 1918), or Oscar 8S. Adams, Ellip- 


tic Functions Applied to World Maps, Special Publica- 
tion No. 112, (Washington: 1925). 
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of a complex variable in the study of 
hydrodynamics. Aerodynamics, the tre- 
mendously important modern branch of 
hydrodynamics, continues to this 
theory extensively. 

These are illustrations of two well- 
known facts about the growth of mathe- 
matics. One, “practical” applications have 
often evolved later, after pure mathemati- 
cal concepts have developed out of mathe- 
matical needs or intellectual curiosity. 
Two, often the important applications of 
a mathematical concept are to the develop- 
ment of further mathematical relations. 
These latter may then be the concepts or 
techniques which are actually employed by 
the physicist or other worker. 

In the twentieth century, complex num- 
bers have played a direct and elementary 
part in the development of electrical cir- 
cuits. J. P. Steinmetz, who, after writing 
a doctoral dissertation in mathematics, 
became known as an electrical wizard, was 
a pioneer in this development. Posters 17- 
20 of the Signal Corps Charts published 


by the National Council of Teachers of 
Mathematics show some of these ele- 
mentary uses in electrical theory.* 

Many other “applications” of complex 
numbers exist both in other fields of pure 
mathematies and in the physical sciences. 
One can even do Euclidean geometry 
using complex numbers, and can add in- 
sight to more recent geometries such as 
projective and non-Euclidean geometry 
via their use. Likewise other ways of 
writing complex numbers (polar and ex- 
ponential forms especially) have de- 
veloped as well as varied geometrical rep- 
resentations (e.g. stereographic representa- 
tion), however we hope we have told 
enough of the story of their development 
to help in understanding both complex 
numbers and some recurring themes in the 
development of mathematical ideas in 
general, 


§ For more explanation of some of these applica- 
tions see John W. Cell, “Imaginary Numbers," THe 
Martuematics XLIII (1950), p. 394 ff. 


The Mathematics Institute 
Sponsored by 
The Association of Teachers of Mathematics in New England 
to be held at 
The Massachusetts Institute of Technology 
Cambridge, Massachusetts 
August 19-26, 1954 


TENTATIVE PROGRAM 
Dinner meetings 


to be held in the air-conditioned dining room of 
the M.I.T. Faculty Club. 

Opening Banquet, Thursday, August 19 

Speaker: Mr. James R. Killian, Jr., President 
of M.L.T. 

Friday evening, August 20 

Speaker: Professor Norbert Weiner, M.L.T., 
Dept. of Math. 

Tuesday evening, August 24 

Speaker: Mr. Herbert G. Espey, Commis- 
sioner, Department of Education, State of 
Maine 

Closing Banquet, August 25 

Speaker: Mr. Abram L. Sachar, President, 
Brandeis University, Waltham, Massachusetts 


Morning lectures 


to be held in an air-conditioned room in Hayden 
Memorial Library. 


Friday, August 20 

Topic: Introduction to Number Theory 

Speaker: Stanley J. Bezuszka, 8.J., Chr., 
Dept. of Math., Boston College, Chestnut Hill, 
Massachusetts 

Saturday, August 21 

Speaker: Mr. Bruce Billings, Director of Re- 
search, Baird Associates, Inc., Cambridge, 
Massachusetts 

Monday, August 23 

Topic: Mathematical Luxuries 

Speaker: Bancroft H. Brown, B. P. Cheney, 
Professor of Mathematics, Dartmouth College, 
Hanover, New Hampshire 

Tuesday, August 24 

Topic: Use of Mathematics in Engineering 

Speaker: Mr. F. Everett Reed, Head of Ap- 
plied Mechanics, Artheu D. Little, Inc., 30 
Memorial Drive, Cambridge, Massachusetts 


Discussion groups 
to be held in air-conditioned rooms in Hayden 
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Memorial Library. There will be a total of 
twelve laboratory and discussion groups meeting 
daily throughout the institute, so arranged that 
each registrant may take a maximum of three. 
keach discussion group constitutes a continuous 
course, 

Topic: Some Aspects of Statistical Inference 

Leader: Prof. Elmer Mode, Boston Univer- 
sity, Boston, Massachusetts 

Topie: Implications of Theories of Learning 
to Problems of the Classreom 

Leader: Dr. Ezra Saul, Research Associate 
and Project Director, Institute for Applied Ex- 
perimental Psychology, Tufts College, Med- 
ford, Massachusetts 

Topic: Caleulus—Five Lessons in Elementary 
Differentiation and Integration for Secondary- 
School Teachers 

Leader: Mr. C. H. Mergendahl, Head of 
Mathematics Department, Newton High School, 
and Newton Junior College, Newton, Massa- 
chusetts 

Topic: Boolean Algebra 

Leader: Mr. Edmund Berkeley, President, 
Edmund C. Berkeley and Associates, 36 West 
11th St., New York 11, New York 

Topic: Matrices 

Leader: Prof. Julia Bowers, Connecticut Col- 
lege for Women, New London, Connecticut 

Tepic: Field Work in Mathematics—Outdoor 
Part of Laboratory Work 

Leader: Mr. Carl N. Shuster, Professor State 
Teachers College, Trenton, New Jersey 


Special features 


Thursday evening, August 19, following the 
opening banquet. 

Topic: Mathematical games. Several tables 
of games will be set up in the Lower Lounge of 
Baker House. 

Leader: Mr. Elwood 
School, Hingham, Mass. 

Saturday, August 21 

Surveying: a one-day course in some of the 
aspects of surveying, using the equipment of 
M.I.T. 


Stoddard, Lincoln 


Leader: Professor J. Shea, M.I.T., Engineer- 
ing Department 

Saturday evening. Picnic: To be followed by 
a talent night. 

Leader: Prof. Wm. Fitch Cheney, Math. 
Dept., University of Connecticut 

Sunday, August 22, 2:00 p.m., Museum of 
Fine Arts, Boston, Massachusetts 

Topic: Art and Mathematics, with illustra- 
tions from the Museum’s collection of Paintings 
and Ceramics 

Speaker: Miss Eleanor Randall, Senior Di- 
rector, Division of Education, Museum of Fine 
Arts, Boston 


Monday evening, August 23, Administrator’s 
Night. Teachers attending the institute are 
urged to send for tickets for their principals and 
superintendents for this meeting. It will be held 
at Baker House amid the exhibits and games. 

Topic: The Administrator Looks at Mathe- 
matics 

Speakers: Mr. Harold B. Gores, Superin- 
tendent of Schools, Newton, Massachusetts, and 
Mr. William Crombie White, Vice-President, 
Northeastern Univ., Boston, Massachusetts 

Housing: Baker House at $2.00 per night per 
person (by advance registration only). Adults 
may accompany members, but no children un- 
der twelve admitted. 

Dinners: Five dinners at M.I.T. Faculty 
Club $12. Pieniec will be extra. 

Breakfast and lunch in the cafeterias near 
the Library. 

Recreation: Swimming, tennis, and boating 
on the Charles at M.I.T. 

Registration fee: $12.50 for Institute mem- 
bers, and $2.50 for adults accompanying Insti- 
tute members. For advance registration send a 
check for $5.00, payable to The Association of 
Teachers of Mathematics in New England, to 
the General Chairman. 

For a complete program and additional in- 
formation write: Mrs. M. Isabelle Savides, Gen- 
eral Chairman, 30 Boylston Road, Newton 
Highlands 61, Massachusetts. 


Mathematics Institute at the University of Florida 


The first annual Mathematics Institute 
sponsored by the Florida Council of Teachers of 
Mathematics under the directorship of Dr. Ken- 
neth P. Kidd of the College of Education, Uni- 
versity of Florida, was held on August 20-22, 
1953, on the campus of the University of Florida 
in Gainesville. Approximately 80 junior and sen- 
ior high-school teachers were enrolled. 

The general theme of the three-day institute 
was “Challenging the Mathematics Student.” 
The initiatory phase of the program consisted of 
a panel discussion on ‘Professional Opportuni- 
ties for the Talented Mathematics Student,” led 


by Dr. F. W. Kokomoor and Dr. C. G. Phipps of 
the Mathematics Department, and Dr. F. H. 
Pumphrey of the Engineering College, of the 
University of Florida. Dr. W. A. Gager, also of 
the Department of Mathematics, gave the ban- 
quet address on ‘The Use of the Functional Ap- 
proach in the Teaching of Mathematics.” 

Approximately three fourths of the meeting 
time was devoted to small group discussions and 
laboratory sections. The entire meeting was ar- 
ranged by the Florida Council of Teachers of 
Mathematics and plans have been completed for 
the holding of such an institute every year. 
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MATHEMATICAL MISCELLANEA 


An interesting paradox 


A few years ago the manager of a 
business firm employing a considerable 
number of workers, in three divisions of 
the firm, presented what he considered an 
impossible situation, asking for help. This 
may be of interest as an illustration of 
some of the possible misinterpretations 
arising from the use of percentages. 

At the conclusion of a drive for funds 
for the Community Chest, the manage- 
ment discovered that in all three of the 
divisions of the firm, the percentage of 
employees contributing the current year 
had decreased from the percentage for the 
same division for the previous year. The 
management put a notice on the bulletin 
board suggesting that the employees were 
lacking in a sense of civie responsibility. 
The response of the employees was that 
although they agreed that the percentage 
of employees contributing had dropped in 
every division of the firm, for the plant as a 
whole, the percentage had increased. To 


Previous year 


Total employees 1000 

Number contributing 600 

Per cent contributing 60 
Current year 

Total employees 1200 

Number contributing 700 


Edited by Paul C. Clifford, State Teachers College, Montclair, New Jersey, and 


A practical erample of why per cents must be treated with perspicacity ; 
simple relationship with parallelograms and parallelepiped. 


Contributed by Cecil B. Read, University of Wichita, Wichita, Kansas 


Division I 


Per cent contributing 58.2 


Adrian Struyk, Clifton, New Jersey 


the official this seemed completely im- 
possible. 

Of course the situation would not be 
possible if the number of employees in 
each division remains constant. Without 
this condition, the situation is by no means 
impossible, as is illustrated by a single 
hypothetical example given below. 

Editors’ Note: It is interesting to try and state 
the conditions under which this paradox could 
occur, if the total number of employees does not 
change. Let pi, po, ps represent the initial per 
cents with nm, m2, nz being the number of em- 
ployees in the respective divisions. Let P1, P2, P3 
represent the final per cents with Ni, No, Ns 
the respective numbers of employees. Let 

m 
Given that 
>Pi, po>Pe2, pa>P3 
Pini + pone + pans +P2N2+P3Ns3. 


What are the conditions necessary for these 
relations to exist? For two groups it was easy. 
For three groups we gave up in time to go to 
press. Maybe some of our readers will find a 
general solution. 


Division II Division IIT Tora. 
2500 1000 4500 
2000 500 3100 

80 50 69 
3000 250 4450 
2350 120 3170 

78.2 48 71.+ 
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Parallelogram and parallelepiped 


By Victor Thébault, Tennie, Salthe, France. Translated from the French with the 
assistance of Miss E. H. Vorrath, Clifton High School, Clifton, New Jersey 


It is the purpose of this note to point 
out some very simple relationships which 
imply properties characteristic of the fig- 
ures under consideration. 


I. THEOREM 


If a straight line passing through the ver- 
ter D of a parallelogram ABCD meets side 
AB and diagonal AC at E and F (respec- 
tively) we may write, having regard to both 
magnitude and sign, 
(1) AB=n-AE, AC=(n+1)-AF, 


and conversely. (See Figure 1.) 


D’ 


A E B 


Figure 1 


Proof 
From the Theorem of Thales we have 
immediately 


AB DC FC 


n= = = 
AE AE AF 


and consequently 


AC AF+FC +1 
— = = —_ =) 
AF AF AF 


Conversely, if the relationships (1) are 
given, the line EF passes through the 
point D. For 


and if EF meets CD at D’ then 
AC AF+FC FC CD’ 
~=1+ =n+l. 
AF AF AF AER 


The result is that points D and D’ coincide. 


Corollary 

The diagonals AC and BD Insect each 
other. For, when FE coincides with B, n= 1. 
Hence 


AC =(14+1)-AF=2-AF. 
Il. THEOREM 


If a plane containing diagonal A'D of the 
face ADD'A’ of a parallelepiped ABCD 
— A’'B'C'D’ meets the edge AB, the diagonal 
AC of face ABCD, and the body diagonal 
AC’ at E, F, G (respectively) we may write, 
having regard to both magnitude and sign, 


AB=n-AE, AC=(n+1)-AF, 


(2) 
AC’ =(n+2)- AG, 


and conversely. (See Figure 1.) 


Proof 


It suffices to apply the theorem of para- 
graph I. Consider parallelograms ABCD 
and ACC’A’ in connection with the trans- 
versals DFE and A’'GF to obtain the rela- 
tionships (2), and conversely. 


Corollary 


The plane A'BD determined by the ex- 
tremities of the edges issuing from vertex A 
of the parallelepiped meets the diagonal AC’ 
at a point one-third of the distance from A 
to C’. For, if E coincides with B, n=1. 
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Then 


AC’ =(1+2)-AG=3-AG. 


(Point N of Figure 1 illustrates this.) 


Corollary 

Diagonal AC’ of the parallelepiped pierces 
triangle A'BD at its centroid. (See Figure 
2.) 
Proof 

Indeed, the diagonal AC’, which passes 
through the center O of the parallelepiped, 
pierces plane A’BD at a point N’ such 
that 

ON’ OM AN 

N'A A'A C'C 2 NC 
M > being the midpoint of BD. Conse- 
quently points N’ and N coincide with the 
centroid of triangle A’BD. 


Figure 2 


New Jersey Mathematics Institute 
Sponsored by 


Rutgers University and Association of Mathematics Teachers of New Jersey 
July 7-16, 1954 


The Second New Jersey Mathematics Insti- 
tute will be held at Rutgers University with the 
encouragement and endorsement of the National 
Council of Teachers of Mathematics. It is de- 
signed to bring together a group of interested 
teachers who will live and work as a unit for ten 
days in order to gain a better understanding of 
the latest and most effective ideas in elemen- 
tury and high school teaching of mathematics. 

In addition to two series of general lectures 
by authorities in mathematics and in the teach- 
ing and application of mathematics, study and 
discussion groups of the following nature will 
meet daily: 

Building Mathematical Concepts (Elemen- 

tary) 

Subject Matter of the Elementary Grades 

Geometry in the Junior High School 

The Teaching of Algebra 

Arithmetic of the 7th and 8th Grades 

A New Approach to the Course in Geometry 

Program for the Superior High School Stu- 

dent 

Second Track, Grades 10-12 

Teaching the Reading of Mathematics 

Test Construction 

Freeing the Teacher from the Tyranny of the 

Textbook 

Mathematics Laboratory—Three Sections: 

elementary, junior high, senior high 


Special Laboratories: Deductive and induc- 
tive reasoning, use of mathematical in- 
struments 

Study and Discussion Groups will have as 
leaders such nationally known figures as: Rich- 
ard S. Pieters, Amelia Richardson, Carl Shuster, 
John Rechzeh, William Betz, Amanda Lough- 
ren, Virgil Mallory, Mary Rogers, Margaret 
Dunn. 

Demarest Hall on the Men's College Cainmpus 
in New Brunswick will be set aside for members 
of the Institute and the university cafeteria will 
be available for all meals. Members of the Insti- 
tute will enjoy a social program, including Sun- 
day, July 11, specially devised for them. 

Formal registration will take place on Wed- 
nesday, July 7, 3 p.m. to 5 p.m. at the Office of 
the Registrar, Old Queen’s Building, New Bruns- 
wick. In the evening, a reception will be held for 
the Institute at the Zeta Psi Fraternity, 18 Col- 
lege Avenue. 

The Institute fee for attendance and partici- 
pation is $20.00. For those who desire academic 
credit the usual university fees apply. The dor- 
mitory fee for double occupancy is $12.00, in- 
cluding linen. 

A pamphlet giving full details of the Insti- 
tute program is available upon request to the 
Director of the Summer Session, Rutgers Uni- 
versity, New Brunswick, New Jersey. 
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© AIDS TO TEACHING 


Edited by Henry W. Syer, School of Education, Boston University, 


Boston, Massachusetts, and Donovan A. Johnson, University of Minnesota, 


BOOKLETS 


B. 181—-The Tools and Rules for Precision 
Measuring 
L. 8. Starrett Co., Athol, Massachusetts. 
Booklet; 4” by 7”; 48 pages; free. 

Description: A variety of the factors in- 
volved in measuring are presented in this 
booklet. As various measuring tools are 
discussed, the units of measure, the sources 
of error, and the proper use of the tool to 
insure precision are included. The tools 
used include the micrometer, various steel 
rules, calipers, protractor, and combina- 
tion square. The discussion of the precision 
of measurement covers such items as toler- 
ance, limits, estimation, sense of sight and 
touch, and temperature. The booklet ap- 
plies measurement principles to layout 
work, lathe work, and the transfer of 
measurements. Tables of decimal equiva- 
lents, units of measure, drill size, and 
thread depths are included. 

Appraisal: This booklet is written pri- 
marily for students in vocational schools 


and apprentices. It is a readable, compre- 


hensive treatment of the elementary 
measurement problems of the machine 
shop. It is well illustrated by drawings and 
photographs to clarify the script. Only one 
page, the back cover, is used to advertise 
the products of the publisher. This booklet 
will be most useful in a shop mathematics 
course, but will also be useful literature for 
a unit on measurement. 


CHARTS 


44 
Marchant Calculating Machine Co., Oak- 
land, California, (available at local offices). 


Square Root Divisors 
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Minneapolis, Minnesota 


Chart; 9” by 11”; free. 


Description: This chart consists of a 
table of square-root divisors from 100 to 
999 to be used when computing square 
roots with a calculating machine. The use 
of these divisors is discussed and illustra- 
tive examples given of how to calculate 
the square root to five significant figures. 


EQUIPMENT 
141—The Comparator 


Robinson-Howell Company, 641 Mission 
Street, San Francisco 5, California. 


Teaching device; rectangular fibre base; 
3” by 5”; plastic slide; $6.00 dozen. 

Description: The Comparator is a device 
to show the relationship of common frac- 
tions to the whole, to each other, to deci- 
mals, and to per cents. The entire length 
is divided in twelve different ways to show 
how the fractions halves, fourths, eighths, 
thirds, sixths, twelfths, fifths, tenths eom- 
pare with the whole, with decimal frac- 
tions, and with per cents. A transparent 
plastic slide moves to right or left across 
the chart to designate the desired division. 

Evaluation: This simple device is similar 
to the drawings given in texts and work- 
books to show the comparative sizes of 
different fractions. It is a convenient de- 
vice to place in pupils’ hands for manipula- 
tion even though the size is small. It may 
not live up to the claims of the producer, 
but it should help the pupil see relation- 
ships. 


FE. 142—The Fraction Trainer 


Robinson-Howell Company, 641 Mission 
Street, San Francisco 5, California. 


Device; 7 plastic circle sections; $3.75. 


\ 


Description: This device consists of a 
base circle and 24 fractional parts of cir- 
cles. Each fractional part fits on the pegs 
of the base. Fractional parts of the same or 
varying size can be combined or superim- 
posed one on another. Each fractional 
piece shows the fraction it represents and 
its decimal and percentage equivalent in 
small raised figures. The circles are molded 
in varied colored plastic. 

Appraisal: This device uses double plas- 
tic to present an old and much used 
method of illustrating the meaning and 
comparison of fractions. It would seem 
appropriate for the teacher to have a per- 
manent device such as this while pupils 
cut their own out of colored paper or paper 
plates. 


148—The Number Master 


Robinson-Howell Company, 641 Mission 
Street, San Francisco 5, California. 
Device; baseboard and dise counters; 
$32.50. 

Description: This device consists of a 
baseboard panel with four channels to 
represent place columns for ones, tens, 
hundreds, and thousands, and are so 
labeled. The required number of one-inch 
dise counters are fed into the channels to 
represent the desired number. When the 
device is used to perform addition or sub- 
traction, the dises are moved in the chan- 
nels in much the same manner as the beads 
in an abacus. When a place column is un- 
occupied by digits, a zero appears as a 
place holder. For teaching decimals, an 
overlay card shows the decimal point and 
converts the place columns to ones, tens, 
tenths, and hundredths. 

Appraisal: This device is essentially 
another form of the abacus. It has an ad- 
vantage over the abacus in having the 
channels labeled numerically as well as ac- 
cording to place value, and, most impor- 
tant of all, in having channels and dises 
sufficient to represent two numbers on the 
board before they are combined by addi- 
tion or subtraction. It will be most useful 


to show the meaning of place value, carry- 
ing, and borrowing. 


FILMSTRIPS 
FS. 228— Budgeting for Better Living 
FS. 229—What Is Your Shopping Score? 


Household Finance Corporation, 919 
North Michigan Ave., Chicago 11, Llinois. 


35 mm. filmstrips; Black and white; 1951; 
Accompanying lecture; Rental free; Pur- 
chase price $4. 


Description of F'S. 228 and 229: These 
filmstrips emphasize the need for planning 
expenditures so that your needs will be 
met, your expenditures will not be exces- 
sive, and your purchases will be of suitable 
quality. Numerous suggestions are given 
for judging quality, for shopping effec- 
tively, and for spending wisely. 


FS. 230—How to Stretch Your Food Dollars 


Household Finance Corporation, 919 
North Michigan Ave., Chicago, Ilinois. 
35 mm. filmstrip; Color; 112 frames; 1952; 
$6.00. 

Description of FS. 230: This filmstrip 
outlines the basic rules for dollarwise pur- 
chasing with emphasis on good nutrition 
for the family. The following steps are sug- 
gested for reducing and controlling food 
costs: (1) plan meals in advance, (2) store 
food properly, (3) prepare food skillfully, 
(4) shop carefully. The mathematical con- 
tent is limited involving the keeping of an 
account of expenditures, the character- 
istics that indicate quality, and the 
standards for labels. 

Appraisal of FS. 228, 229, 230: The 
amount of mathematics illustrated in these 
filmstrips is very limited. However, the 
material could be suitable background 
material for consumer mathematics or 
general mathematics. To be effective the 
prepared commentary should be used 
since the pictures do not have captions. 
Although the filmstrips may be rented 


Aids to teaching 269 


free, the amount of advertising is very 
limited. 

281—The Trade Acceptance 

Young America Films, Inec., 18 East 41st 
Street, New York 17, New York. 

35 mm. filmstrip; Black and white; 37 
frames; Color. 

Description of FS. 231: This filmstrip 
describes the method by which merchants 
who have no cash and no credit can obtain 
goods to sell on Trade Acceptances. It is 
explained that this is similar to a Promis- 
sory Note and then goes on into the de- 
tails of the bookkeeping required. 

Appraisal of 231: The material here 
is aimed definitely at typists who will be 
preparing Trade Acceptances to further 
their understanding of this business form. 
There is little mathematics involved and a 
great’ deal of bookkeeping detail which 
will probably make it of little use in a 
mathematics class, although very useful in 
the commercial subject field. 

MODELS 

M. 382—Theory of Flight Kit 

Models of Industry, 2804 Tenth Street, 
Berkeley 2, California. 

Kit: Wind tunnel, Bernoulli stream tube, 
student handbook, teacher’s handbook, 
demonstration materials; $49.50 plus ship- 
ping cost. 

Description: This kit contains an oper- 
ating model wind tunnel 8” by 8” by 18” 
with a set of airfoils. A 5000 r.p.m. electric 
motor, 1/15 horsepower, with a 73” pro- 
pellor, furnishes the airstream to demon- 
strate lift and drag with the airfoils. A 
rheostat control makes possible variation 
in the air current. The Bernoulli stream 
tube is mounted on a 3” by 14” base. It 
demonstrates pressure differences by dif- 
ferent size flames of gas. The 40-page stu- 
dent handbook contains experiments and 
mathematical calculations for solving lift, 
wing drag, parasite drag, horsepower re- 
quirements, weight during banking, fac- 
tors of speed, safety, and propellor tip 


speed. The teacher’s manual contains sug- 
gestions on how to get the most out of 
teaching through the use of learn-by- 
doing material. 

Appraisal: This kit should furnish the 
necessary materials and information to 
make possible clearcut demonstration of 
various factors in the theory of flight. If it 
can be used jointly in science, in mathe- 
matics, and in aviation classes, its cost can 
be justified. 


PICTURES 

P. 18—Pendulum Patterns* 

George T. Hillman, 923 Belle Plaine Ave., 
Park Ridge, Illinois 

Photographs; 33" X43"; 8 prints; $2.00 per 
set. 

Description: These black-and-white pic- 
tures are photographs of a variety of 
pendulum patterns. The harmonic oscil- 
lation of pendulums preduce patterns 
that are beautifully symmetric and repre- 
sent mathematical curves such as ellipses 
and spirals. By means of time exposures 
the locus of the bottom tip of the pendu- 
lum during repeated oscillations is photo- 
graphed. By varying the pendulum ratios 
and suspensions a variety of patterns is 
obtained. 

Appraisal: These photographs are of 
such a high photographic quality that 
they have previously been used for ad- 
vertising and commercial purposes. They 
are now available for bulletin-board ex- 
hibits at a reasonable cost. The prints are 
on high quality, glossy paper with excel- 
lent detail of each pendulum oscillation. 
The preparation of a set of pendulum 
patterns such as these would be a suitable 
project for the superior mathematics stu- 
dent with an interest and skill in photog- 
raphy. This set will be useful in interesting 
students in a project such as this and at 
the same time be material for an unusual 
bulletin board display. 

* Editor's Note: For patterns made by stu- 


dents, See THe Matruematics TEacHer, XLV 
(December, 1952), 586-87. 
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Edited by William L. Schaaf, Department of Education, 


Brooklyn College, Brooklyn, New York 


Probability, gambling, and game strategy 


1. MATHEMATICS OF GAMBLING; BRIDGE, 
POKER, DICE, ETC. 


Bakst, Aaron. Mathematics: Its Magic and 
Mastery. New York: Van Nostrand, 1941; 
“How to Have Fun with Lady Luck,” pp. 
329-53. 

R. and BiackweE.u, D. “Red Dog, 
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Hore-Jones, W. “Gambling,” Mathematical 
Gazette, 1931, 15: 347-58. 
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pp. 

Bout, Marce.. L’exploitation du hasard. Paris: 
Presses Universitaires de France, 1942. 125 
pp. 
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The editor’s mail 


Birmingham, Ohio 
Dec. 31, 1953 
Henry Van Engen 
Iowa State Teachers College 
Cedar Falls, lowa 


Dear Mr. Van Engen: 


This brief note will express my opinion on an 
item of which you are fully cognizant. 

The article on Mathematics at Work in the 
Paper Industry is of the type that should help 
those of us in the classroom to show our better 
students the opportunities which industry is in 


position to offer young people who know their 
arithmetic and mathematics. Frankly, I wish 
that this type of information could get to all 
mathematics teachers, if only for its practical 
value. 

I am a new subscriber to Tue Maruematics 
Teacuer. Perhaps you have run similar articles 
before. I surely hope you do in the future. 


Cordially yours, 


T. Howe 
Firelands Local Schools 
Birmingham, Ohio 


(Signed) 
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© WHAT IS GOING ON IN YOUR SCHOOL? 


Edited by John A. Brown, Wisconsin High School, University of Wisconsin, 
Madison 6, Wisconsin, and Houston T. Karnes, Louisiana State University, 


Baton Rouge, Louisiana 


Some ideas from classroom teachers on (1) teaching definitions 


and (2) teaching analysis of verbal problems. 


How I teach understanding of definition’ 


Contributed by Eugene Nichols, Urbana High School, Urbana Illinois 


Iv Is MY THESIS that one of the main ob- 
jectives of a course in plane geometry is 
the improvement of the student’s ability to 
think logically. If this goal is to be 
achieved, some of the activities of the ge- 
ometry classroom must be centered around 
experiences which provide an opportunity 
for the study and evaluation of statements 
made by writers, speakers, orators, adver- 
tising agents, etc. 

After two weeks of school my students 
have had an ample supply of geometric 
terms, each one of which described for 
them a unique object. They also realized 
the necessity and expediency of leaving 
some terms undefined. At this point I have 
undertaken a thorough study of one of the 
most important constructs of logic, viz.: 
that of “formal definition.”’ 

We chose the following definition from 
geometry: 

“Adjacent angles are angles which have 
a common vertex and a common side be- 
tween them.” 

Through the study and careful analysis 
of such a definition, we have jointly set up 
a number of criteria to be used in deciding 
whether a definition is “good” or “bad.” 
My students have arrived at the six follow- 
ing criteria: 

1 Reprinted from the 1953 ‘“‘News Letter’’ of the 
Illinois Council of Teachers of Mathematics. 


1. A good definition names the object 
being defined. 

2. A good definition places the object 
being defined in its smallest class. 

3. A good definition gives the character- 
istics which distinguish the object being 
defined from all other members in the class. 

4. A good definition is not redundant. 

5. The converse of a good definition is 
true. 

6. A good definition uses only terms 
which are known and/or which have pre- 
viously been defined. 

After the criteria were set up, we pro- 
ceeded to use them as a measuring stick 
for definitions in the fields of knowledge 
outside of geometry. As their out-of- 
school assignment, my students were 
asked to choose a definition from any book 
(not a geometry book), newspaper, maga- 
zine, radio program, ete. and to analyze 
it according to the established criteria. 

Below are two examples of definitions 
and their analyses which were presented 
by the students. 

Derinition: “The Federal Bureau of 
Investigation is the governmental agency 
charged with the responsibility of protect- 
ing the nation’s internal security.” 

ANA.ysis: 1. It names the object being 
defined—-The Federal Bureau of Investi- 
gation. 
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2. It places the object being defined in 
its smallest class. 

3. It distinguishes this agency from all 
other governmental agencies by stating 
what it does—it is charged with the re- 
sponsibility of protecting the nation’s in- 
ternal security. 

4. It is not redundant. 

5. The converse is true—The govern- 
mental agency charged with the responsi- 
bility of protecting the nation’s security is 
the Federal Bureau of Investigation. 

6. The meaning of all terms used in the 
definition is clear. 


Dertnition: “A noun is a word that 
names a person, place, or thing.” 


ANALysiIs: 1. It names the object being 
defined—a noun. 


2. It places the object being defined in 
its smallest class—a word. 


As teachers of mathematics, we are 
constantly striving to help our students 
become problem-solvers. We want them 
to be efficient in the manipulations of 
mathematics, too; but unless the manipu- 
lations can be used in solving original prob- 
lems, the manipulations are worthless 
knowledge. 

One of the skills the student needs in 
solving the verbal textbook problem is 
that of translating English sentences into 
algebraic equations. So, translation from 
one language to another is the skill which 
I try to teach. Translation between these 
languages must be done phrase by phrase. 
It cannot be done all at once. In this con- 
nection I like to tell the fable of the father 
who had his son attempt to break a bundle 
of sticks. The father then showed him 
that the job could be done easily by 
breaking each stick separately. The stu- 
dent must learn to do his translating 
phrase by phrase. 

EXAMPLE: The sum of the squares of two 


How I teach analysis of verbal problems 
Contributed by Ronald Henderson, Farmington High School, Farmington, Illinois 


3. It gives its distinguishing character- 
istics—it names a person, place, or thing. 

4. It is not redundant, it needs every- 
thing it uses. 

5. The converse is true—A word that 
names a person, place, or thing is a noun. 

In a similar manner my students ana- 
lyzed many more definitions taken from 
the fields of biology, agriculture, English, 
and others. 

It is the feeling of this teacher that this 
was a worthwhile assignment because it 
resulted in an increased understanding of 
the term “definition”? on the part of the 
students. The experiences the students 
have had in recognizing a definition, es- 
tablishing criteria for its evaluation, and 
selecting and evaluating a particular defi- 
nition made them more conscious of the 
need for an accurate and precise mode of 
expression. 


consecutive even integers is 52. As the first 
of these phrases is read, a plus sign is 
written; with the second phrase, the ex- 
ponents are put in place; and as the third 
phrase is read, ‘‘n’’ and (n—2) are written 
beneath and below the exponents; ete. 
The student must see the equation grow 
in this manner on the board. 

A table of equivalent expressions in the 
two languages is developed and may 
easily be developed further into an inter- 
language dictionary. Samples are given in 
the following table: 


any form of the verb ‘‘to be”’ = 
more than, greater, older, later,sum + 
less than, smaller, younger, earlier, 
difference 
consecutive integers n—2,n—1,n,n+1, 


n+2,n+3 


Some of the phrases may not be in the 
same order as before. For example, the 
statement, “I am three years younger 
than my brother,’ must be translated 
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into the equation, “J = B—3,” not “T=3 
— B.”” 

Pronouns appearing in a problem must 
be studied with this question in mind: 
“This pronoun refers back to what noun?” 
One example comes from geometry: “If 
the altitude is drawn to the hypotenuse 
of a right triangle, it is the mean propor- 
tional between the segments of the hypote- 
nuse.”’ Before the word “it” in that sen- 
tence there are three nouns. Until the stu- 
dent decides which “it”? is meant, and 
until he realizes that he has to make 
that selection, he cannot make algebraic 
use of that sentence. 

An outline of the overall approach to 
thought problems is developed; the main 
points are: 

1. Organize the information. 

2. Write the equation. 

3. Solve the equation, and check the 

solution. 

4. Answer the problem. 

5. Check the answers against the origi- 
nal sentence information. 

As different kinds of problems require, 
three ways of organizing the information 
are discovered. They are: lists of state- 
ments, tables, and diagrams. Lists are 
composed of statements such as, “Let z 
equal... ,”’ along with other statements 
as to how the other unknowns are repre- 
sented. Tables are found to be nothing 
more than lists of similar information, 
as in the following examples: 


| 


Ann 


| Mary | 
3 years ago 
Present 
5 years in future 
Distance | Speed Time 
(miles) (mph) (hours) 
Fast train | 


Slow train) 
| 


The diagram is used for all problems 
involving geometric figures and should 
show dimensions, both known and un- 
known. It is used primarily to help the 
student understand how to begin the 
problem. The diagram helps the student 
organize and remember the data of the 
problem. A simple line diagram is used 


x 


to organize the information in a problem 
of this type: “The sum of two numbers is 
*““s.”? and one of them is “‘n’’; how can the 


other number be represented?” 

_ Ss 

? | 


Translation, mentioned earlier, is used 
both in organizing the information and in 
writing the equation. As new tools for 
solving equations are learned (collecting 
terms, removing parentheses, transposing, 
and factoring) they are included in the 
outline. 

Students must be shown, and continual- 
ly reminded, that there is considerable 
difference betwen solving an equation and 
obtaining the solution of the problem. 
One important difference is that a thought- 
problem frequently has more than one 
answer. The solution of a linear equation 
has only one. 

The difference between checking the 
solution of an equation and checking 
the answers to a thought-problem is 
equally important, and again is essentially 
the difference between blind mechanical 
operations and thinking.—From the bulletin 
of the Illinois Council of Teachers of Mathe- 
matics. 
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Reviews and evaluations 


Edited by Cecil B. Read, University of Wichita, Wichita, Kansas 


Algebra for Problem Solving, Book 2, Julius 
Freilich, Simon L. Berman, and Elsie Parker 
Johnson, Boston, Houghton, Mifflin Com- 
pany, 1953. Cloth, 1+511 pp., $3.20. 


This book is organized in four parts: ‘‘Re- 
fresher Course in Basie Concepts,” “From Ele- 
mentary to Intermediate Algebra,” ‘““New Skills 
and Broadened Concepts,” and “Intermediate 
Algebra Extended.” 

Part One includes inventory tests and intro- 
duces some elementary topics with as much de- 
tail as in Book 1. One chapter in this section is 
devoted to verbal problems. 

The chapter on Trigonometry in Part Three 
deals with both right and oblique triangles and 
introduces the use of logarithms of trigonometric 
functions. The treatment of linear and quadratic 
functions and their graphs, and of systems of 
equations is n@eteworthy. Advanced topics in- 
clude: “Progressions and Binomial Series’’; 
“Permutations, Combinations and Probability”; 
and “Statistics.” 

Book 2 follows the pattern set by Book 1 in 
such details as the use of color and illustrations. 
Each chapter has a detailed summary, long list 
of review problems, test, and “Extras for Ex- 
perts.”’ 

Color is particularly effective in illustrative 
examples concerned with literal equations, com- 
pleting the square in solving quadratic equa- 
tions, and the nature of roots in quadratic equa- 
tions. 

“Extras for Experts” will delight the more 
capable student with such topics as synthetic 
division, conic sections as loci, the slopes of per- 
pendicular lines, use of the slide rule, and a 
justification for the axis of imaginaries.— Marie 
S. Wileor, Thomas Carr Howe High School, 
Indianapolis, Indiana. 


American School Curriculum, Commission on 
American School Curriculum, Washington 6, 
D.C., American Association of School Ad- 
ministrators, 1953. Cloth, 551 pp., $5. 


This is the thirty-first yearbook of the 
American Association of School Administrators. 
Current issues in the curriculum field are set 
forth within the context of the principles of 
education in the United States as seen by this 
association. A few examples of recent curriculum 
developments in elementary and secondary 
mathematics are described. 

Admittedly of general interest to superin- 
tendents and teachers as they try to interpret 
the ideals of education in terms of actual class- 


room teaching, this book can still be of help to 
mathematics teachers.—Lyman C. Peck, Iowa 
State Teachers College, Cedar Falls, Iowa. 


Conformal Mapping, L. Bieberbach, New York, 
Chelsea Publishing Co., 1953. Cloth, iii +234 
pp., $2.25. 


This book is a translation by F. Steinhardt 
of the fourth edition of Bieberbach’s Einfuhrung 
in die Konforme Abbildung. Its contents are 
placed at the graduate university level of mathe- 
matics in the field of complex function analysis. 

Lyman C. Peck, Iowa State Teachers College, 
Cedar Falls, Towa. 


Coordinate Geometry, C. O. Tuckey and W. 
Armistead, New York, Longmans, Green & 
Co., Ine., 1953. Cloth, ix +464 pp., $2.50. 


The authors have developed a variation of 
the usual treatment of analytic geometry by re- 
ducing the amount of algebra used and increas- 
ing the amount of geometry. Some teachers may 
welcome the inclusion of some topics usually 
found in college geometry and some from pro- 
jective geometry, such as cross-ratio, home- 
thetic figures, oblique axes, homogeneous co- 
ordinates, and line co-ordinates. 

The materials are arranged so that the essen- 
tials of analytic geometry are presented in the 
first four chapters although the authors recom- 
mend that at least Chapter V, “Curves Other 
Than Conics,’’ and Chapter VI, “Solid Geom- 
etry,” be included. 

There is thorough coverage of the topics in a 
manner which indicates the authors have ex- 
perimented with various methods of presenta- 
tion. Considerable teaching is done through 
guided helps in solving problems. Two or more 
approaches to a topic are often used. It is 
worthwhile to note the various approaches to 
the work with the normal form of the equation 
of a line. 

Conics are first presented through a study of 
the parabola and the hyperbola. The authors 
give as a reason for this reversed order the fact 
that the properties of these curves are new to the 
pupil. The circle is studied later in relationship 
to the ellipse. 

The explanations are brief and direct. The 
diagrams are adequate but at times a little com- 
plex in appearance. On page 82 it might be more 
appropriate to include the axes with their scales. 
The chapter on solid geometry seems abbrevi- 
ated and the illustrations could be improved. 

There is no work on curve fitting, although 
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properties of curves are studied. The use oi 
English terminology is no particular handicap 

This book offers a challenge to the pupil and 
to the teacher. It is a book that teachers of 
analytic geometry will welcome for its selection 
and handling of subject content.—Francis R. 
Brown, Illinois State Normal University, Nor- 
mal, Illinois. 


Differential Equations, 3d Edition, Max Morris 
and Orley E. Brown, New York, Prentice- 
Hall Ine., 1952. Cloth, ix-+341 pp., $4.50. 


This well-known text prepared for students 
who present only one year of calculus has been 
revised with an eye toward making it more 
teachable. The new third edition (1952) features 
a thorough revision of the material on numerical 
approximation to solutions. More problems, es- 
pecially those dealing with applications to 
geometry and the physical sciences have been 
added. The overall organization of the text is 
unaltered.— Augusta Schurrer, Lowa State Teach- 
ers College, Cedar Falls, Towa. 


heletivity and Reality—a Re-Interpretation of 
Anomalies Appearing in the Theories of 
Relativity, E. G. Barter, New York, Philo- 
sophical Library, 1953. ix+131 pp. Cloth, 
$4.75. 


There are certain paradoxes which arise 
when the theory of relativity is applied to physi- 
cal conditions in the universe. This study at- 
tempts carefully and logically to eliminate the 
difficulties of conceiving of a fourth dimension, 
curved space, and a limited but unbounded uni- 
verse. Familiarity with the problems of rela- 
tivity physics is not a prerequisite to following 
the general argument of this book. Some knowl- 
edge of elementary physics is needed, however. 

For any mathematics or science teacher in 
secondary school or college who is interested in 
the problem of determining the nature of his 
universe this book is reeommended.—Lyman C. 
Peck, Iowa State Teachers College, Cedar Falls, 
Towa. 


Devices for the mathematics classroom 
Continued from page 256 


A. Purchasing plastering, sheet rock, 
rock lathe, sheathing, insulation, 
and wood paneling for the walls. 
Purchasing paint, wallpaper, plas- 
tie tiling, and interior decorating. 

. Computing the cost of sanding 
floors, buying ready-mixed con- 
crete for a cement floor, and buy- 
ing linoleum, asphalt tile, and 
carpeting. 

. Computing the cost of sub-floor- 
ing, plywood flooring, hardwood 
flooring, and fir flooring. (These 
computations will necessitate con- 
sideration of the meaning of the 
term “board foot.’’) 

. Estimating the number of 
“squares” of asbestos or cedar 
shingles needed to roof a house. 

Other activities. 

A. Computing the actual cost of 
“The Mathematical House.”’ 
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. Assuming some appropriate scale 
of representation and computing 
the cost of framing up an actual 
house whose dimensions are pro- 
portional to those of the model. 
Discussing the properties of a rec- 
tangle, ways of constructing a rec- 
tangle, and ways of checking a 
quadrilateral to determine wheth- 
er it is a rectangle. 

. Determining the perimeter of a 
floor of an actual room for the 
purpose of computing the cost of 
rubber base, linoleum covering, or 
baseboard. 

. Drawing three dimensional ob- 

jects. 
Finding the volume of the model 
house by dividing it into a rec- 
tangular solid and a right tri- 
angular prism. 

. Developing the special relations 
which exist for the sides of 45-45 
and 30-60 degree right triangles. 


| ( 
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AFFILIATED GROUPS 


Edited by Mary C. Rogers, Chairman A fiiliated Groups, Roosevelt Junior High School, 


Westfield, New Jersey 


“Why study mathematics?” “Should I study mathematics?’’ are questions teachers are asked, 
Here are some helps of interest to mathematics teachers. 


Materials available for counseling in mathematics 


Contributed by Ida May Bernhard, Texas Education Agency, Austin, Texas 


Why study mathematics? 

Most teachers of mathematics have 
heard this remark. The way we, as teach- 
ers, reply to this question is especially im- 
portant to the pupil and will determine to 
a great extent his desire to study mathe- 
matics. 

The answer given the pupil need not be 
difficult. The function of mathematics in 
everyday living and the vast number of 
occupations requiring a mathematical 
background are known to the teacher and 
should be communicated to the pupil. The 
mathematics teacher has an excellent op- 
portunity to offer assistance to pupils in 
both course selection and study of occupa- 
tions. The availability of printed materials 
makes this responsibility easier. Although 
many larger schools are staffed with 
trained counselors, in all schools this very 
important role should be shared by the 
classroom teacher. 

The relationship of the mathematics 
teacher and the school counselor was a 
topic of discussion during an Open Forum 
meeting at the last Duke University 
Mathematics Institute. The participants 
agreed that teachers of mathematics 
should make it their business to place ap- 
propriate and useful materials in the 
hands of the counselor and to assume the 
responsibility for discussion of careers 
which require preparation in mathematics. 


The school counselor who is familiar with 
the mathematical needs of everyday citi- 
zens, unskilled and skilled laborers, pro- 
fessional workers, and the armed forces 
personnel, and who has the assistance of 
the mathematics teacher, will be in a 
better position to aid students. Joint ef- 
forts of a well-prepared teacher and coun- 
selor should result in counseling services 
which help the students and parents in 
selecting suitable mathematics courses and 
in exploring occupational choices. 

In recent years numerous articles have 
appeared in various magazines describing 
the opportunities for engineers and scien- 
tists and emphasizing the shortage in these 
professions. Many colleges, business and 
industrial concerns have prepared bulle- 
tins and pamphlets designed to assist 
teachers of mathematics in pointing out 
vocational opportunities to their students. 
Several of these brochures are written di- 
rectly to the high-school student. Many 
contain attractive illustrations which not 
only appeal to the teen-ager, but also im- 
part valuable information. The majority 
are free upon request. Copies of such ma- 
terials made easily accessible in the class- 
room, in the library, and in the guidance 
department will help students answer for 
themselves questions about the study of 
specific courses in mathematics. Teachers 
and counselors will find numerous oppor- 
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tunities to refer to these pamphlets. A par- 
tial list of available materials follows. 


A Career as Actuary, Society of Actuaries, 208 
So. LaSalle St., Chicago 4, Illinois. Free. 

A Career in Life Insurance Sales and Service, 
Educational Division, Institute of Life In- 
surance, 488 Madison Ave., New York, 1950. 
Free. 

A Mathematics Student—To Be or Not To Be? 
Pamphletof the Michigan Section of the Mathe- 
matical Association of America, September, 
1949. Obtain from Philip 8. Jones, University 
of Michigan, Ann Arbor, Michigan. Small 
charge. 

Can I Be a Craftsman? General Motors Corpora- 
tion, Department of Public Relations, Edu- 
cational Service, Detroit 2, Michigan. Free. 

Can I Be an Engineer? General Motors Corpora- 
tion, Department of Public Relations, Edu- 
cational Service, Detroit 2, Michigan. Free. 

Careers in Petroleum, American Petroleum Insti- 
tute, 50 West 50th St., New York 20, N. Y. 
Free. 

Engineering as a Career, Engineers’ Council for 
Professional Development, Engineering So- 
cieties Building, 20 West 39th St., New York, 
1942. Price $0.10. 

Guidance Pamphlet in Mathematics for High 
School Students, National Council of Teachers 
of Mathematics, 1201 Sixteenth St., N.W., 
Washington 6, D.C. Price $0.25. 

How to Prepare for a Career in Science, H. B. 
Hass. Public Relations Department, General 
Airline and Film Corporation, 230 Park Ave., 
New York 16, N. Y. Free. 

How To Study How To Solve, HU. M. Dadourian. 
Addison- Wesley Press, Inc., Cambridge 42, 
Mass., 1949. Small charge. 

Math at General Electric, Dept. 2-119, Public 
Relations, General Electric Company, One 
tiver Road, Schenectady 5, New York. Free. 

Mathematics—Its Vocational Aspects, Bulletin of 
Oklahoma A & M College, Stillwater, Okla- 
homa, Vol. 42, No. 13, May, 1945. Free. 

Mathematical Needs of Prospective Students in 
the College of Engineering of the University of 
Jilinois. Bulletin of the University of Illinois, 


Urbana, Illinois. Vol. 49, No. 18, October, 
1951. Free 

‘“Mathematical Preparation for College,’”’ P. D. 
Edwards, P. 8. Jones, and B. E. Meserve, 
THe Marxsematics Teacuer, Vol. XLV, 
May 1952. Reprints obtained from the Na- 
tional Council of Teachers of Mathematics, 
1201 Sixteenth St., N.W., Washington 6, D.C. 
Price $0.15. 

“Professional Opportunities in Mathematics,’ 
American Mathematical Monthly, January, 
1951. Reprints obtained from Prof. H. M. 
Gehman, Mathematical Association of Amer- 
ica, University of Buffalo, Buffalo 14, New 
York. Price $0.25. 

Shall I Study Chemistry? American Chemical 
Society, 1155 Sixteenth St., N.W., Washing- 
ton 6, D.C. Free. 

The Outlook for Women in Mathematics, Bulletin 
No. 223-4, U.S. Department of Labor, 
Women’s Bureau. For sale by the Superin- 
tendent of Documents, U.S. Government 
Printing Office, Washington 25, D.C. Price 
$0.10. 

U.S. Navy Occupational Handbook for Men, Bu- 
reau of Naval Personnel, Washington 25, 
D.C., 1953. Free. (Obtain from nearest U.S. 
Navy Recruiting Station.) 

U.S. Navy Occupational Handbook for Women, 
Bureau of Naval Personnel, Washington 25, 
D.C., 1953. Free. (Obtain from nearest U.S. 
Navy Recruiting Station.) 

Vocational Opportunities for Mathematics, J. H. 
Zant, Bulletin, Oklahoma A & M College, 
Stillwater, Oklahoma, Vol. 43, No. 12, April, 
1946. Free. 

What’s Engineering? Stevens Institute of Tech- 
nology, Hoboken, New Jersey. Free. 

Why Study Math? Dept. 2-119, Public Relations, 
General Electric Company, One River Road, 
Schenectady 5, New York. Free. 

Why Study Mathematics? The Canadian Mathe- 
matical Congress, Engineering Building, Me- 
Gill University, Montreal, Canada. Price 
$0.50. 

Your Opportunities in Science, National Asso- 
ciation of Manufacturers, 14 West 49th St., 
New York 20, N. Y. Free. 


“On the one hand, mathematics is a study of 
certain aspects of the human thinking process; 
on the other hand, when we make ourselves 
master of a physical situation, we so arrange the 
data as to conform to the demands of our think- 
ing process. It would seem probable, therefore, 
that merely in arranging the subject in a form 
suitable for discussion we have already intro- 
duced the mathematics—the mathematics is 
unavoidably introduced by our treatment, and 
it is inevitable that mathematical principles 
appear to rule nature.””—Heisenberg, as quoted 
by P. W. Bridgman in Science, Vol. 71, p. 21, 
1930. 


“T have hardly ever known a mathematician 
who was capable of reasoning.”’ 
—Puarto, The Republic 


“In pure mathematics the maximum of detach- 
ment appears to be reached: the mind moves in 
an infinitely complicated pattern, which is ab- 
solutely free from temporal considerations. Yet 
this very freedom—the essential condition of the 
mathematician’s activity—perhaps gives him an 
unfair advantage. He can only be wrong—he 
cannot cheat.” 


—Lyrron Srracuey, Portraits in Miniature 
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For more than thirty years the National 
Council of Teachers of Mathematics has 
been an important professional organiza- 
tion which has contributed greatly to the 
improvement of the teaching of mathe- 
matics at all levels of instruction. Present 
officers of the Council received official re- 
sponsibilities from their predecessors for a 
strong organization and a relatively easy 
task, in terms of the hist ory of this organiza- 
tion and in comparison with other profes- 
sional organizations with comparable 
goals, of carrying forward a well-estab- 
lished program of real value to mathe- 
matics teachers and to our schools, 

The National Council exists in 1954, as 
it has throughout its history, to so serve 
teachers of mathematics that they may 
achieve genuine success in the develop- 
ment and implementation of the best pos- 
sible program in our schools for boys and 
girls, as individuals and as a group, for 
America, and for the world. The first re- 
sponsibility of the mathematics teacher is 
to direct the study of mathematics to these 
ends. The teacher of mathematics also has 
a responsibility to do what he can to make 
adequate provision for increasing future 
manpower needs in technical and scientific 
fields and in teaching, for leadership in 
the solution of the broad problems in edu- 
cation of our day, and to extend frontiers 
of knowledge through his own scholarly 
approach to his work. 

In his direction of the study of mathe- 


© POINTS AND VIEWPOINTS 


Common goals of mathematics teachers and 
of the National Council 


A department presenting the views of the officers 
of The National Council of Teachers of Mathematics. 


By John R. Mayor, President of the National Council 


maties in 1954 the mathematics teacher 
accepts responsibility for helping all pupils 
learn the fundamentals, for making pro- 
vision for the gifted, for promoting the 
development of social sensitivity, for in- 
spiring pupils to develop scholarly habits, 
for leading boys and girls to an apprecia- 
tion of one of man’s greatest achievements, 
and for helping his pupils enjoy a profitable 
school experience. This year imposes upon 
the mathematics teacher the special re- 
sponsibility for promoting interest in the 
study of mathematies and assisting re- 
sponsible school officials and parents to 
know about the importance of mathemat- 
ics so that our boys and girls will be pre- 
pared for life in a scientifie world and so 
that the critical manpower needs in our 
area will be met. 

Any teacher, and a teacher of mathe- 
matics in particular, sees his professional 
role not alone in his classroom but also as 
a leader of educational thinking in his 
school and community. The mathematics 
teacher's contribution to solution of school 
problems in broad areas is first of all his 
obligation to his school, but also he knows 
that the sound solution of these problems 
cannot keep from being of value to the 
mathematics program of his school. Each 
teacher of mathematies should recognize 
that in his daily preparation for classes 
and his daily teaching he can, for himself 
and his pupils, extend frontiers of knowl- 
edge, in the true spirit of research, and he 
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should ever be ready to share his most en- 
couraging successes with other teachers. 

The 1954 program of the National Coun- 
cil through meetings, publications, com- 
mittee study, and co-operation with other 
professional organizations is intended to 
assist teachers of mathematics in meeting 
the responsibilities and working toward 
the goals set forth in the foregoing para- 
graphs. The future of the National Coun- 
cil rests on whether or not our activities 
are really helpful in doing this, and on the 
devotion and vision of future leaders to 
strengthen and extend present activities. 
As a member your suggestions and advice 
have always been, are now and shall be, 
welcomed and essential for the welfare of 
our organization, 

The second half of the twentieth cen- 
tury, and especially 1954, offers the great- 
est challenge of all times to teachers and 
to teachers of mathematics in particular. 
The need for the skilled and for the spe- 
cialists were never so important for our 
country’s welfare. The need for the schol- 
arly approach to problems, for careful 
analysis of data and propaganda, for in- 
telligent living, and for social sensitivity 
are in evidence all about us. The world has 
not gone to pieces, youth are no more wild 


and no mere irresponsible than they were 
in other generations, but the problems 
of the world and of youth and of 
mathematics teachers are more complex 
because of our past failures and our past 
successes. 

We know that respect for, and under- 
standing of, the ideas and methods of 
mathematics are essential parts of what 
makes any person educated (and in Amer- 
ica we are determined that all are to have 
equal opportunity to become educated) 
and are absolutely necessary for leader- 
ship in many essential areas of human ac- 
tivity. We know, too, that we teachers of 
mathematics bear almost the complete 
responsibility for helping the youth of our 
land reach these goals of respect for and 
understanding of one of man’s greatest 
achievements. This is our life work, and 
success in it can bring great rewards to our 
world and much personal happiness. May 
the National Council be able to help you 
in the way you need help most! 

With you I can say, and have many 
times said, of teaching, or better still, of 
teaching mathematics, “Oh, it’s a great 
life!’ But, deep in his heart, each one of 
us knows that being a teacher of mathe- 
matics 7s truly a great life. 


The editor’s mail 


STANFORD UNIVERSITY 
STANFORD, CALIFORNIA 
Department of Mathematics 


January 6, 1954 


Professor Henry Van Engen, Editor 
THe MatTuematics TEACHER 

lowa State Teachers College 

Cedar Falls, Iowa 


Dear Professor Van Engen: 


May I take this opportunity to compliment 
you upon the uniformly high quality and genu- 
ine interest of the articles and features of THE 
MarHematics TEACHER? It is an excellent pub- 
lication. 

Sincerely yours, 
Harold M. Bacon 
Professor of Mathematics 


(signed) 


THe MATHEMATICIANS’ AND Puysicists’ 
Society OF THE P.R. oF SERBIA 
DocuUMENTATION CENTER 
Beograd, Yougoslavia, poStanski fah 791 


Beograd, 11, XIT. 1953 
Prof. Henry Van Engen, 
Editor and Chairman of the Committee 
on Official Journal, 
Iowa State Teachers College, 
Iowa. 


Dear Professor Van Engen, 

Your periodical—Tue Matuematics TEACH- 
ER—is much read here by professors and 
teachers of mathematics in universities and sec- 
ondary schools. We find it a very interesting and 
valuable mathematical review, for which you 
and the National Council of Teachers of Mathe- 
matics deserve all our praise. 

Yours truly, 

President of the Center 
Pror. D. 8S. Mrrrinovircu 
Beograd, Yugoslavia 


(Signed) 
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PLANE GEOMETRY 


REVISED EDITION 


By Keniston-Tully 


A welcome revision that makes plane geometry an interest- 
ing and practical subject for today's classroom. 


“It is designed to create interest and promote understanding. Attractive in 
appearance and informal in style, this text features a visual approach to the 


study of plane geometry." 
North Carolina Education 


"PLANE GEOMETRY, Revised, places emphasis on an awareness of geometry 
as it permeates all areas of knowledge, and on the use of geometry as a 
means of stimulating logical and scientific thinking. The book meets require- 
ments of the College Entrance Examination Board and is suitable for pupils 


of varying needs and abilities." 
California Teachers Association Journal 


"The general development of the text indicates that the authors have well- 
balanced viewpoints regarding traditional geometry and modern trends in 


the subject." 
Chicago Schools Journal 


Please write to your nearest Ginn 
Sales Office for complete details 


Home Office: Boston 


Sales Offices: New York 11 
Chicago 16 Atlanta 3. Dallas 1 
Columbus 16 San Francisco 3 Toronto 7 


TEXTBOOKS OF 
DISTINCTION 


Please mention:the MaTHEMATICS TEACHER when answering advertisements 


| 

COMPANY 


SPECIAL OFFER 
ON YEARBOOKS 


The following yearbooks of the National 
Council of Teachers of Mathematics are be- 
ing sold at the special prices listed. Only 
a few copies remain of some volumes. 


Third, Selected Topics in Teaching Math- 
ematics, $1.00 

Fourth, Significant Changes and Trends in 
the Teaching of Mathematics Through- 
out the World Since 1910, $1.00 

Sixth, Mathematics in Modern Life, $1.00 

Fourteenth, The Training of Mathematics 
Teachers in Secondary Schools, $1.00 

Nineteenth, Surveying Instruments, History 
and Classroom Use, $2.00 


Twentieth, The Metric System of Weights 
and Measures, $2.00 


Please send remittance with order 


NATIONAL COUNCIL OF TEACHERS 
OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
Washington 6, D.C. 


NUMBERS AT WORK 


By Patron anp YOUNG 


Completely new arithmetic texts—new from the 
ground up—not a revision! Sound in method, 
appealing and challenging to pupils, and beautiful 
with glowing color. Based on leading courses of 
study and the best of recent research. 


IROQUOIS PUBLISHING 
COMPANY, INC. 


Home Office: Iroquois Building 
Syracuse 2, New York 


Atlanta Dallas 


New York Chicago 


| Jor High School. General Mathematics! 


MATHEMATICS FOR EVERYDAY LIVING 


This 1954 book is designed to make high school students more competent to deal with the 
mathematical aspects of the many problems of everyday living that they are now meeting as 
students and will later have to face as adults, and to give them an opportunity to review the 
basic arithmetic operations that are necessary for the solution of these problems. 


| 
| Leonhardy, Ely 
| 
| 


Fourteen chapters are devoted to the mathematics needed by the ordinary citizen in his 
daily life. They include such problems as providing adequate food, clothing, and shelter; 
savings plans; insurance; investments; bank accounts; taxation; spending for recreation, etc. 
The remaining chapters present a comprehensive review of basic arithmetic operations and 
contain hundreds of exercises to fix these skills in the students’ minds. 


The organization of the text permits its adaptation to many different teaching situations. 
lhe authors’ approach, with clear explanations and numerous fully worked-out sample prob- 
lems, makes possible the use of the text with any type of student. 


D. VAN NOSTRAND COMPANY, INC. 


| 
| 
New York 3, N.Y. 


~ Fourth Avenue 


Please mention the MATHEMATICS TEACHER when answering advertisements 


| | N 
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puTLeR Trigonometry for 


AND 


WREN Secondary Schools 


More than an introduction to trigonometry, this text of- 
fers a full development of concepts, together with a con- 
sistently simple treatment of the principles of computa- 
tion with approximate numbers. 


It maintains a good balance between the numerical and 
the analytical aspects and also between formal work and 
applied problems. 


It gives applied problems in such fields as geology, shop 
practice, building, and surveying; and it includes a chap- 
ter on home-made instruments applying trigonometric 


principles. 


Sales Offices: New York 14 Chicago 16 D C H EAT H 

San Francisco 5 Atlanta Dallas 1 

Home Office: Boston 16 AND COMPANY 


NEW PLASTIC SLIDE RULES 
Best Values Yet—$2.00 and Up 
Sy: saves time eee 
Quantity Discounts on Books and Slide Rules peeps hands and 


NEW PRINTING 


FIELD WORK IN MATHEMATICS saves chalk, too 
By Shuster & Bedford $2.85 each 


COMPUTATION WITH APPROXIMATE CHALK 
DATA HOLDER 


By Carl N. Shuster 25¢ each 


INSTRUMENTS for FIELD WORK in 
MATHEMATICS 


Sextants, Transits—Everything Needed 
GROVE'S MOTO-MATH SET 
The Most Versatile Visual Aid 


MULTI-MODEL GEOMETRIC 
CONSTRUCTION SET 


For Solid Geometry and Physics 


BLACK BOARD 
BUODY CO. 
Post Office 
YODER INSTRUMENTS 
The Mathematics House Since 1930 Oregon ‘ 

EAST PALESTINE, OHIO 


Send For Literature 


Par. For 


Please mention the MatHematics TEACHER when answering advertisements 


hed 
| 
CHALK 7 
HOLDER 
ORDER TODAY! 
| S | 
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A Modern Two-Book Algebra Series— 


Aiken Algebra: Its Big Ideas and 


nd 


erson Basic Skills, Books 1 and 2 


Organized around the big ideas and skills which mathematics teachers recog- 


nize as basic. This organization gives direction to the subject, unifies major 


a 
Hend 


concepts, and makes algebra functional and meaningful. 


New Geometry Texts with a Class-Tested Teaching 
Approach— 


Schnell Pla ne Geometry A Clear 
an Thinking 


Crawford Solid Geometr y Approach 


Apply geometry’s methods and skills to everyday life situations. Emphasize 
the meaning of proof, making geometry easier to learn. Help students to under- 


stand geometric concepts by encouraging them to discover facts and relation- 


ships. 


A Modern Trigonometry Text— 


Brooks 
Schock Trigonometry for Today 


and Oliver 


An Integrated Mathematics Series— 


Rosskopf. Mathematics: A First Course 
Aten A Second Course 
and Reeve A Third Course 


McGRAW-HILL BOOK COMPANY, INC. 


330 West 42nd Street New York 36, N.Y. 


Please mention the MatTHEeMATICS TEACHER when answering advertisements 


FISK Teacher’s Agency 


28 E. Jackson Bivd. - Chicago 4, Ill. 


Teachers of Mathematics are very much in demand. Excellent salaries for heads of 


departments and also excellent salaries for beginning teachers. 


Our Service Is Nationwide. 


NEW REPRINTS AVAILABLE 


Professional Subject Matter for Junior High School Mathematics Teachers, by Myron F. 


Rosskopf. Discusses understanding numbers through a study of other number systems. 
Statistical Training for Secondary Schools, by William J. Moonan. Discusses the nature of 
statistical methods and the place of statistics in the secondary school. 


Price 20¢ each. Usual quantity discounts. 


Please send remittance with your order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Announcing for Spring P.  bhcation 


THE TEACHING OF MATHEMATICS 
IN THE SECONDARY SCHOOL 


By WILLIAM DAVID REEVE 


A realistic and comprehensive text which establishes the 
place of mathematics in the modern secondary school, 
and offers a basis for determining the nature of the cur- 
riculum and for obtaining the best methods of instruction 
and evaluation. Sets forth clearly the curriculum prob- 
lems that are related to the teacher, to the student, and 
to course content. Lesson planning and model lessons 
are treated realistically so that they offer help and under- 
standing to the experienced and pre-service teacher. 
Topics for discussion follow each chapter. 


HENRY HOLT AND COMPANY, New York 17 


Please mention the MatHematics TEACHER when answering advertisements 


2 distinguished texts 


MAKING MATHEMATICS WORK 


Nelson - Grime 


GENERAL MATHEMATICS FOR THE SHOP 


Nelson - Moore - Hamburger - Becker 


new texts 


ALGEBRA for Problem Solving 
Freilich - Berman - Johnson 

BOOK I—for first year algebra 

BOOK II—for second year algebra 


HOUGHTON MIFFLIN COMPANY 
Boston New York Chicago Dallas Atlanta San Francisco 


Film Strips on Mathematics Aid Students 
in their Studies in 


Algebra 
Plane Geometry 
Integral Calculus 


ALGEBRA SERIES—7 film strips—350 frames. Each film strip $3.25. Complete set of 
7 film strips, boxed $ 


PLANE GEOMETRY SERIES—12 film strips—587 frames. Each strip $3.25. Complete 
set of 12 film strips, boxed $36.00 


ALGEBRA AND GEOMETRY SET COMBINED, boxed 


INTEGRAL CALCULUS—4 film strips—172 frames. Each film strip $3.25. Complete 
set of 4 film strips, boxed $15 


See Page 31 New Welch Mathematics Instruments Catalog. 
If you do not have a copy write for it! 


Serving the schools for More than 70 years 


W. M. WELCH SCIENTIFIC COMPANY 
DIVISION OF W. M. WELCH MANUFACTURING COMPANY 
Established 1880 
1515 Sedgwick St. Dept. X Chicago 10, Illinois, U.S.A. 


Please mention the MATHEMATICS TEACHER when answering advertisements 
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OFFERS A COMPLETE REVIEW 
AND TESTING PROGRAM 


THE ROW-PETERSON ALGEBRA PROGRAM 


BOOK | and BOOK Il 


CROSS NUMBER PUZZLES: ONLY ONE EXAMPLE OF HOW 
REVIEW IS MADE INTERESTING. 


Row, Peterson and Compang 


WHITE PLAINS, NEW YORK 


EVANSTON, ILLINOIS 


THE LEARNING OF MATHEMATICS 
Its Theory and Practice 


Twenty-First Yearbook of the 
National Council of Teachers of Mathematics 


This yearbook applies the most recent discoveries concerning the nature of the learning 
process to the problems of your mathematics classroom. 


The very large sale that this yearbook has enjoyed since its publication in January 1953 
indicates that it fills a definite need in the teaching of mathematics. 


Authorities consider it a significant contribution to the literature in mathematics education. 


This book discusses many questions about drill, transfer of training, problem-solving, con- 
cept formation, motivation, sensory learning, individual differences, and other problems. 


The reading of this new yearbook is a must for every alert teacher of mathematics. Send 


in your order today. 


Price, postpaid, $4,00. To members of the Council, $3.00 
Please send remittance with order. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention the MaTHEMATICS TEACHER when answering advertisements 
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The TMathematics Student Journal 


DEMAND Written for the secondary-school student. 


EXCEEDS 
EXPECTATION 


Sold in groups of five copies Challenge your classes, stimulate your gifted students, 


Contains enrichment and recreational material. 


enliven your mathematics club, put fw# into mathe- 
same period of time. Single- 
copy rate: 20¢ per year, 15¢ 
per semester. Minimum or- 


der: $1.00 per year, 75¢ per 
semester. initial public announcement. Send in your order now. 


matics. 


25,000 copies ordered within first ten weeks after the 


The Arithmetic Teacher 


Devoted to the improvement of the teaching of mathe- AN AID LONG 
matics in kindergarten and in all the grades of the DESIRED BY 
elementary school. TEACHERS OF 

ARITHMETIC 


Includes information on investigation and research, Subscription price: $1.50 to 


teaching and curriculum problems, testing and evalua- individuals, $2.50 to libraries, 
schools, departments, and 
other institutions. (Add 10¢ 
for mailing to Canada, 25¢ 
Strong initial response shows that this new journal fee mailing to Seeslgn enum 


fuls a definite need. tries. ) 


tion, teaching aids and devices, and reviews. 


OOO 


Each journal published four times a year, 
in October, December, February and April 


Send remittance with your order 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 


Please mention the MatHEematics TEACHER when answering advertisements 


